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Preface

This book is the outgrowth of an effort to provide a course covering the general
topic of uncertain inference. Philosophy students have long lacked a treatment of
inductive logic that was acceptable; in fact, many professional philosophers would
deny that there was any such thing and would replace it with a study of probability.
Yet, there seems to many to be something more traditional than the shifting sands
of subjective probabilities that is worth studying. Students of computer science may
encounter a wide variety of ways of treating uncertainty and uncertain inference,
ranging from nonmonotonic logic to probability to belief functions to fuzzy logic.
All of these approaches are discussed in their own terms, but it is rare for their
relations and interconnections to be explored. Cognitive science students learn early
that the processes by which people make inferences are not quite like the formal
logic processes that they study in philosophy, but they often have little exposure to the
variety of ideas developed in philosophy and computer science. Much of the uncertain
inference of science is statistical inference, but statistics rarely enter directly into the
treatment of uncertainty to which any of these three groups of students are exposed.

At whatlevel should such a course be taught? Because a broad and interdisciplinary
understanding of uncertainty seemed to be just as lacking among graduate students as
among undergraduates, and because without assuming some formal background all
that could be accomplished would be rather superficial, the course was developed for
upper-level undergraduates and beginning graduate students in these three disciplines.

The original goal was to develop a course that would serve all of these groups.
It could make significant demands on ability and perseverance, and yet it would
have to demand relatively little in the way of background—in part precisely because
relatively little could be assumed about the common elements of the backgrounds of
these diverse students. In this event, the only formal prerequisite for the course was
a course in first order logic. At the University of Rochester, this is the kind of course
designed to produce a certain amount of “mathematical maturity.”

The course has been taught for two years from earlier versions of this book. It is a
difficult course, and students work hard at it. There are weekly exercises and a final re-
search paper. All the material is covered, but some students find the pace very demand-
ing. It might be that a more leisurely approach that concentrated, say, on probability
and nonmonotonic acceptance, would be better for some groups of students.

X1
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The most common suggestion is that probability theory, as well as logic, should be
required as a prerequisite. At Rochester, this would make it difficult for many students
to fit the course into their schedules. Furthermore, although the axiomatic founda-
tions of probability and a few elementary theorems seem crucial to understanding
uncertainty, the need for an extensive background in probability is questionable. On
the other hand, because the whole topic, as we view it, is a kind of logic, a strong
background in logic seems crucial.

Support for the research that has allowed us to produce this volume has come from
various sources. The University of Rochester, the University of New South Wales,
and the Institute for Human and Machine Cognition have each contributed time and
facilities. Direct financial support has come from the National Science Foundation
through award ISI-941267.

We also wish to acknowledge a debt of a different kind. Mark Wheeler was a
graduate student in Philosophy at the University of Rochester many years ago when
this volume was first contemplated. At that time he drafted the first chapter. Although
the book has been through many revisions and even major overhauls, and has even
changed authors more than once, Mark’s chapter has remained an eminently sensible
introduction. He has allowed us to include it in this, our final version. We are very
grateful, and herewith express our thanks.

Henry E. Kyburg, Jr.

University of Rochester and the Institute for
Human and Machine Cognition,

University of West Florida

Choh Man Teng
Institute for Human and Machine Cognition,
University of West Florida
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Historical Background

MARK WHEELER
San Diego State University

The theory of Induction is the despair of philosophy—and yet all our activities are based
upon it.
Alfred North Whitehead: Science and the Modern World, p. 35.

1.1 Introduction

Ever since Adam and Eve ate from the tree of knowledge, and thereby earned ex-
ile from Paradise, human beings have had to rely on their knowledge of the world
to survive and prosper. And whether or not ignorance was bliss in Paradise, it is
rarely the case that ignorance promotes happiness in the more familiar world of our
experience—a world of grumbling bellies, persistent tax collectors, and successful
funeral homes. It is no cause for wonder, then, that we prize knowledge so highly,
especially knowledge about the world. Nor should it be cause for surprise that philoso-
phers have despaired and do despair over the theory of induction: For it is through
inductive inferences, inferences that are uncertain, that we come to possess knowl-
edge about the world we experience, and the lamentable fact is that we are far from
consensus concerning the nature of induction.

But despair is hardly a fruitful state of mind, and, fortunately, the efforts over
the past five hundred years or so of distinguished people working on the problems of
induction have come to far more than nought (albeit far less than the success for which
they strove). In this century, the debate concerning induction has clarified the central
issues and resulted in the refinement of various approaches to treating the issues. To
echo Brian Skyrms, a writer on the subject [Skyrms, 19661, contemporary inductive
logicians are by no means wallowing in a sea of total ignorance and continued work
promises to move us further forward.

1.2 Inference

In common parlance, an inference occurs when we make a judgment based on some
evidence. We make inferences all the time: If we know that Adam had ten cents and
later learn that he found another thirty cents, then we infer that he has a total of forty
cents; if we know that all farmers depend on the weather for their livelihood, and we
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know that Salvatore is a farmer, then we infer that Salvatore depends on the weather
for his livelihood; if we have won at the track when we have brought our lucky rabbit’s
foot in the past, we infer that we will win today, since we have our rabbit’s foot; if
we see Virginia drop her cup of coffee, we infer that it will fall to the floor and spill.

Some of the inferences we make are good ones, some bad. Logic is the science
of good inferences, and for logicians, a correct inference occurs when we derive
a statement, called a conclusion, from some set of statements, called premises, in
accordance with some accepted rule of inference. In a given instance of inference,
the set of statements constituting the premises and the conclusion, perhaps together
with some intermediate statements, constitute an argument, and good arguments, like
correct inferences, are those in which the conclusion is derived from the premises
according to accepted rules of inference.

Traditionally, deductive logic is the branch of logic that studies inferences that
are both sound (all the premises are true) and valid. If it is impossible for both the
premises of an argument to be true and the conclusion of that argument to be false,
then the inference from those premises to that conclusion is considered deductively
valid. Valid arguments have the following three important features:

(1) All of the information contained in the conclusion of a valid argument must
already be implicitly “contained in” the premises of that argument (such
arguments are thereby termed nonampliative).

(2) The truth of the premises of a valid argument guarantees the truth of its conclusion
(thereby making such arguments truth preserving).

(3) No additional information, in the form of premises, can undermine the validity of a
valid argument (thus making such arguments monotonic).

For example, suppose that we have the following three claims:

(a) all arguments are tidy things;
(b) all tidy things are understandable; and
(¢) all arguments are understandable.

The inference from claims (a) and (b) to the claim (c) is a valid inference: If (a)
and (b) are true, then (c) must be, too. Notice that the information expressed in
(c) concerning arguments and understandable things is in some sense already to be
found in the conjunction of (a) and (b); we just made the connection explicit in (c).
Also note that no further information concerning anything whatever will render (c)
false if (a) and (b) are true.

Sound arguments are valid arguments with the following additional property: All
of the premises of sound arguments are true. Valid arguments may have either true or
false premises; validity is not indicative of the truth of the premises of an argument;
nor does validity ensure the truth of the conclusion of an argument. Validity, rather,
concerns the relationship that is obtained between the premises and the conclusion
of an argument, regardless of their actual truth values, with one exception: If it is
impossible for the conclusion of an argument to be false on the supposition that the
premises are true, then the argument is valid; otherwise it is invalid. Soundness does
concern the truth value of the premises and the conclusion. A sound argument is a
valid argument with true premises, and since it is a valid argument, a sound argument
also has a true conclusion.
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The main branches of deductive logic are well established, and the rules for de-
ductive inference well known.! Not so for inductive logic. Induction is traditionally
understood as the process of inferring from some collection of evidence, whether it
be of a particular or a general nature, a conclusion that goes beyond the information
contained in the evidence and that is either equal to or more general in scope than the
evidence. For example, suppose an ethologist is interested in whether or not owls of
the species Bubo virginianus will hunt lizards of the species Sceloperous undulatus.
The scientist exposes some of the lizards to ten different owls of the species, and all
of the owls respond by capturing and hungrily eating the lizards.

In setting up her eleventh experiment, the researcher is asked by her assistant
whether or not she believes that the next owl will hunt and eat the released lizards.
The animal behaviorist tells the assistant that, based on the prior tests, she believes
the next owl will eat the lizards. Here the ethologist has used evidence about the
particular owls that were tested to infer a conclusion which is equally general in
scope—the conclusion is about a particular owl, the next one to be tested—but which
goes beyond the information implicit in the premises. After having completed the
eleventh test, the ethologist returns to her laboratory and opens her laboratory note-
book.

She writes, “After having completed the eleven field studies and having a positive
response in each case, I conclude that all owls of the species Bubo virginianus will
eat lizards of the species Sceloperous undulatus.” In this case, the scientist has for
her evidence that the eleven owls hunted and ate the lizards. She concludes that all
owls of that species will eat that species of lizard. Her evidence is about particular
owls; her conclusion is a generalization about all owls of a certain species. The
generality and the informational content of the conclusion are greater than those of
the premises.

Again, suppose a market researcher does ademographic study to determine whether
or not most people in America shop for food at night. He collects data from ten ma-
jor American cities, ten suburban American towns of average size, and ten average
size rural American towns. In each case, the data shows that most people shop for
their food at night. The market researcher concludes that most Americans shop for
their food at night. Here, the researcher’s evidence consists of thirty generalizations
concerning the shopping habits of most people in specific locations in America. The
researcher’s conclusion generalizes from this evidence to a claim about the shopping
habits of most Americans in all locations of America.

Inductive logic is the branch of logic that inquires into the nature of inductive infer-
ences. Many writers distinguish two general types of simple inductive inferences—
those by enumeration and those by analogy—and we can divide each of these into two
further kinds: particular enumerative inductions and general enumerative inductions;
and particular analogical inductions and general analogical inductions.

A particular enumerative induction occurs when we assert that a particular individ-
ual A has the property of being a B on the basis of having observed a large number of
other As also being Bs. For example, if each of the twenty dogs we have encountered

"Whereas this is true generally, there are extensions of deductive logic, for example, modal logic, concerning
which there is less agreement. There are also arguments over the foundations of logic. See, for example, [Haack,
1996].
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has barked, and we infer from this that the next dog we encounter will also bark, we
have performed a particular enumerative induction.

If we conclude from a number of observed As being Bs the more general claim that
most As are Bs or that all As are Bs, then we have performed a general enumerative
induction. Continuing our dog example, we might have inferred from our having
observed twenty barking dogs that most or all dogs bark.

In analogical induction, we use the fact that a given A (which may be a particular
thing or a class of things) possesses properties P, ..., P, in common with some C
(another particular thing or class of things) to support the conclusion that A possesses
some other property P, that C also possesses. If our conclusion is about a particular
A, then we have performed a particular analogical induction; if the conclusion is
general, then we have performed a general analogical induction. Here the warrant for
our conclusion about A possessing the property P, is derived not from the number
of As observed, but rather from the similarities found between A and something else.

For example, we know of geese that they are birds, that they are aquatic, and that
they migrate. We also know that they mate for life. Ducks are birds, are aquatic, and
migrate. We might infer, by general analogical induction, that they also mate for life.

Inductive inferences are notoriously uncertain, because in an inductive inference
the conclusion we infer from our premises could be false even if the evidence is per-
fectly good. We can put this in terms of arguments by saying that inductive arguments
are not truth preserving—the truth of the premises in an inductive argument does not
guarantee the truth of the conclusion.

For example, suppose we know that a very small percentage of the U.S. quarter
dollars in circulation are silver quarter dollars; it would be reasonable to infer from this
that the next U.S. quarter dollar we receive will not be made of silver. Nevertheless,
the next one might be made of silver, since there are still some silver quarter dollars in
circulation. Our inference concerning the next U.S. quarter dollar we receive, while
reasonable, is uncertain; there is room for error. Our inferred conclusion could be
false, even though our premises are true. Such inferences are not truth preserving.
Because the conclusion of an inductive argument could be false even if the premises
are true, all inductive arguments are invalid and therefore unsound.

The reason that some, indeed most, of our inferences are uncertain is that often
the information contained in our conclusions goes beyond the information contained
in our premises. For instance, take the following as exhausting our premises: Most
crows are black, and the bird in the box is a crow. These premises make it reasonable
to conclude that the bird in the box is black. But, of course, the bird in the box might
not be black. Our premises don’t tell us enough about the particularities of the bird
in the box to make it certain that it will be a black crow. Our premises present us with
incomplete information relative to our conclusion, and as a result the truth of our
conclusion is uncertain. Inductive arguments have been called ampliative to describe
the fact that their conclusions contain more information than their premises.

Scientific inferences are ampliative in nature. For example, when a scientist col-
lects data about some phenomenon, analyzes it, and then infers from this data some
generalization about every instance of that phenomenon, the scientist is making an
ampliative inference. Thus, suppose a scientist tests for the resistance to an antibiotic
of some gonococcus he has prepared in a number of Petri dishes, analyzes the results
of the experiment, and then (perhaps after a number of similar trials and controlling
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for error) infers from his results that all gonococci of the type under investigation are
resistant to the antibiotic. His inferred conclusion concerns all instances of that type
of gonococcus, but his evidence is only about a limited number of such instances.

In cases of uncertain inference, true premises make the truth of the conclusion more
or less plausible. Whereas deductive arguments are monotonic, inductive arguments
are nonmonotonic in character. If we gather more information and add it to our set of
premises, our conclusion may become either more tenable or less tenable.

For example, suppose Gumshoe Flic, an able detective, is investigating a reported
shooting. The victim was a successful, single, middle-aged woman named Sophia
Logos who was a prosecuting attorney in the community. Sophia was found by her
housecleaner dead in the living room some hours ago. She had been shot in the chest
repeatedly. No gun was found near the body. Gumshoe, upon inspecting the body,
comes to the conclusion that Sophia was murdered by someone who shot her. Later,
while searching the house, Gumshoe finds an empty bottle of barbiturates on the
counter in the bathroom and a small caliber handgun hidden in the basement. He has
these sent to the forensic laboratory for fingerprints and ballistic testing.

Back at the office Gumshoe hears that, the day before the shooting, a criminal,
Hunde Hubris, had escaped from the nearby prison. Hunde, Gumshoe knew, had been
sent to prison for life six years before in a sensational murder case brought to court by
prosecutor Sophia Logos. Gumshoe remembers that Hunde had vowed, as he left the
courtroom, to kill Sophia if it was the last thing he did. Gumshoe tells his colleague
over a coffee and doughnut that he thinks Hunde was most likely the murderer.

After leaving the office and upon questioning one of Sophia’s closest friends,
Gumshoe learns that, recently, Sophia had been suffering from severe depression and
had mentioned to several friends her despair and her occasional thoughts of suicide.
Gumshoe puts this information together with that of the empty bottle of barbiturates
and pauses. He asks the friend if Sophia had been taking any prescription drugs.
The friend replies that Sophia was notorious for refusing medication of any sort.
“She practiced Eastern medicine. You know, acupuncture, Taoism, that kind of thing.
She often said, usually as a joke of course, that she would only take drugs in order
to kill herself.” Gumshoe begins to wonder. On calling the forensic lab and inquiring
about the blood analysis done by the coroner, it turns out that Sophia had died from an
overdose of barbiturates two hours before she had been shot. Well, Gumshoe thinks
to himself, that blows the theory that she died from the shooting, and it’s begin-
ning to look like Sophia committed suicide by taking barbiturates. But the gunshot
wounds. . .. It still seems likely that she was murdered.

As he ponders, he gets a call on his cellular phone from a fellow detective at the
station. Hunde has been apprehended in a nearby hotel. He had called the authorities
and turned himself in. Under questioning, he said he was innocent of the shooting.
Instead, Hunde claimed that he and Sophia had been in correspondence while he was
in prison, that she had made him see the error in his ways, and that he had escaped
from prison in order to help her after having received her last letter in which she
mentioned her depression and growing fear of her housecleaner. Gumshoe takes this
in and cynically responds, “And I’'m Santa Claus.” The other detective replies by
explaining how he had checked with forensics and found out that the handgun found
in the basement matched the weapon used in the killing and that, most surprisingly, the
handgun failed to have Hunde’s prints on it; but, also surprisingly, both the handgun
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and the bottle of barbiturates had the fingerprints of the housecleaner all over them.
“And get this, Hunde has the last letter he got from Sophia, and I'm telling you, Gum,
it looks authentic.”

After hanging up, Gumshoe revises his previous conclusions on the basis of his
new evidence. It now seems less plausible that Hunde killed Sophia, though given the
wacky story Hunde is telling, Hunde is still a prime suspect. The housecleaner now
seems to be a likely suspect, and it looks like this is indeed a murder, not a suicide.
If the housecleaner skips town, then there’s more reason to think she did it. Maybe
she heard that Hunde had escaped and was trying to make it look like Hunde did it
by shooting Sophia. But what is the motive?

Note that as Gumshoe’s evidence changes, so does the plausibility of the conclu-
sions he previously inferred. Sometimes the new evidence undermines the plausibility
that a previous conclusion is correct, sometimes it strengthens the plausibility of the
conclusion. If a deductive conclusion is entailed by its premises, nothing can weaken
that relation. The kind of inference we are looking at is thus nonmonotonic, and
therefore not deductive. Attempting to provide canons for nonmonotonic reasoning
is one of the major challenges for an inductive logic.

1.3 Roots in the Past

The first system of logic was presented to the Western world by Aristotle in the fourth
century B.C. in his collected works on logic entitled Organon (meaning, roughly, “a
system of investigation”). Aristotle’s was a syllogistic deductive logic, taking the
terms of a language to be the fundamental logical units. Whereas Aristotle emphasized
deductive inferences, he did allow for syllogisms that had for premises generalizations
that asserted what happened for the most part (i.e., generalizations of the form “Most
As are Bs”), and Aristotle was clearly aware of both enumerative and analogical
inductions. Nevertheless, Aristotle did not present a systematic study of inductive
inferences.

During the Hellenistic period of Greek philosophy, the Stoics extended Aristotle’s
work and were the first to develop a propositional logic, according to which the propo-
sitions of a language are taken as the basic logic units. As Aristotle had before them,
these later thinkers devoted their attention to deductive inference and did not develop
alogic of uncertain inference. Likewise, during the Middle Ages such figures as Peter
Abelard (1079-1142) and William of Ockham (ca. 1285-1349) made contributions
to the work done by the ancients on deductive logic but did little work on the theory
of uncertain inference.

From Aristotle to Newton and into the present, philosophers and scientists have
modeled science upon mathematics. This way of analyzing science in terms of de-
ductive demonstration may be called the axiomatic approach to science, and one of
its primary characteristics will help to motivate our discussion of the historical devel-
opment of inductive logic. The axiomatic approach to science can be characterized
by its emphasis on the need to model science and scientific language upon the exact
methods and languages of mathematics. Historically, this has meant presenting sci-
entific theories in terms of axioms which express the fundamental laws and concepts
of the science. The substantive content of the science is then embodied in theorems
derived from these axioms.
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Euclidean geometry provides a prime example of this approach. Euclidean geom-
etry is a theory expressed in a limited vocabulary (point, line, plane, lies on, between,
congruent, etc.) and is based on a small number of statements accepted without proof.
In many presentations, a distinction is made between axioms and postulates. For ex-
ample, it is regarded as an axiom that things that are equal to the same thing are
equal to each other, while it is a postulate peculiar to geometry that a straight line
is determined by two points. Non-Euclidean geometry is based on postulates that
are different from the standard Euclidean postulates. Euclidean geometry accepts
the postulate that there is one and only one parallel to a given line through a given
point. Lobachevskian geometry allows for more than one line parallel to a given line
through a given point. Riemannian geometry denies the existence of parallel lines.
All these geometries are internally perfectly consistent. But which is true?

An important component of any axiomatic account of science is how we come to
know the axioms or first principles of a science. For example, which set of geometric
postulates captures the truth about lines and planes? Here we discern a source of one
of the great schisms in Western philosophy—that between the rationalist approach
to scientific knowledge and the empiricist approach.

The rationalists, for example, Plato, Augustine, Descartes, and Leibniz, typically
assume that our knowledge of the axioms of science is independent of any empirical
evidence we may have for them. Different rationalist thinkers have proposed different
views concerning how we come to know the axioms. Plato, in the Phaedo, asserted that
we gained knowledge of the axioms before birth, forgot them at birth, and then redis-
covered them during our lifetime. Augustine believed that it was through the presence
of God’s light in the mind that the axioms were rendered certain and known. Descartes
held that the knowledge of the axioms of science was derived from self-evident truths,
and Leibniz maintained that we possess knowledge of the axioms of science in virtue
of certain conceptual truths about God. Reliance on some supersensible ground is
characteristic of rationalist accounts of our knowledge of the axioms of science.

Empiricists, on the contrary, typically argue that all scientific knowledge is based,
ultimately, on our sensible experience of the world—experience which is always of
the particular and immediate. Given their assumption that all knowledge is ultimately
based on experience, empiricists need to explain how we can achieve the generality
of our scientific knowledge of phenomena given that our experience is always of
particular instances of phenomena. Typically, but not always, induction will play an
important part in any such empiricist explanation. To the extent that an empiricist
who relies on induction as the source of our scientific knowledge cannot provide an
account of the nature of induction, his view of science, and of our knowledge of the
world, is incomplete. In other words, the empiricist is under a strong compulsion to
provide an account of inductive inference.

1.4 Francis Bacon

The English statesman, philosopher, and moralist Francis Bacon (1561-1626) was
well aware of the need for an inductive logic that would serve as a canon for scientific
inference. To meet this need, Bacon presented the first explicit account of the methods
of induction in his Novum Organum [Bacon, 1620], and with Bacon the story of
inductive logic begins.
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Long before Bacon, ancient and medieval natural scientists had investigated and
amassed data concerning the phenomena of nature, but Bacon for the first time at-
tempted to codify the methods of gathering empirical data and making inferences
based on it. Bacon believed that previous scientific and philosophical efforts had
been marred by unswerving devotion to the Aristotelian approach to science laid out
in the Organon. This approach stressed deduction from first principles as the main
mode of scientific inquiry. Bacon believed that, while such deduction was appropri-
ate at the stage where science was nearly, if not already, complete, scientists needed
to free themselves from the Aristotelian paradigm during the developing stages of
science and adopt a different and inductive approach to science. He thus proposed a
new system of investigation in his Novum Organum.

Bacon sets the stage for his investigation by first explaining the available options
and the current tendencies:

There are and can be only two ways of searching into and discovering truth. The one flies
from the sense and particulars to the most general axioms, and from these principles, the
truth of which it takes for settled and immovable, proceeds to judgment and to the discovery
and middle axioms. And this is the way now in fashion. The other derives axioms from the
senses and particulars, rising by a gradual and unbroken ascent, so that it arrives at the most
general axioms last of all. This is the true way, but as yet untried. [Bacon, 1620, Book I,
Aphorism xix or Section xix.]

Bacon identifies the “true way” of searching into and discovering truth with in-
duction, and by “induction” he means a method by which science “shall analyze
experience and take it to pieces, and by a due process of exclusion and rejection lead
to an inevitable conclusion” [Bacon, 1620, preface.] For Bacon, it is knowledge of
causes that is true knowledge, and Bacon’s is an Aristotelian conception of causes,
including the material, efficient, formal, and final causes; but most important for sci-
ence are the efficient causes. Thus, every individual in the world has, in Bacon’s view,
a material cause (the stuff of which it is constituted), an efficient cause (that which
caused, in our sense of the term, the thing to occur), a formal cause (the essential
properties of the thing), and a final cause (the purpose of the thing). Metaphysics
has for its task the determination of the formal causes of things, and science the
determination of the material and efficient causes.

Bacon’s scientific method (not his inductive method) consists of three stages:

(1) the amassing of experimental data (termed ‘““a natural and experimental history”),

(2) an ordered arrangement of the experimental data (termed “tables and arrangements
of instances”), and

(3) the principled inference from the ordered data to more and more general axioms
(termed “induction’).

Let us follow Bacon, and suppose we are investigating the nature of heat. So,
first, we gather a lot of data about heat. Once we complete this first stage of our
investigation, Bacon tells us we are to order the experimental data we have collected
into three tables:

(a) the table of essence and presence (wherein we list all those instances of things that
possess the property of heat),
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(b) the table of deviation, or of absence in proximity (wherein we list all those
instances of things that fail to possess the property of heat), and

(c) the table of degrees or comparison (wherein we list the observed changes in the
property of heat as we vary another property).

Having completed the second stage and ordered our information, we can then apply
Bacon’s method of induction.

Bacon’s method of induction involves three parts—a negative part, an affirma-
tive part, and a corrective part. The negative part, termed “rejection or process of
exclusion,” is applied first and involves rejecting as distinct from the nature of heat
anything that fails to always be correlated with the property of heat. So, for example,
if there are cases in which stones are not hot, then we can exclude the property of
being a stone from being a part of the nature of heat. If there are cases in which heat
attends water, then we can discount the property of solidity as being a part of the
nature of heat. Again, if there are cases of change in brightness without a change in
heat, then we can reject brightness as being a part of the nature of heat.

Following this negative enterprise, or concomitant with it, we are to engage in an
effort to determine which among the properties correlated with heat has a nature “of
which Heat is a particular case” [Bacon, 1620, Book 2, Aphorism xx or Section xx].
That is to say, of which of these latter properties is heat a species? Bacon is optimistic
that there will be a few instances of heat which are “much more conspicuous and
evident” [Bacon, 1620, Book 2, Aphorism xx or Section xx] than others and that we
can therefore, by choosing among these, eventually determine which is the correct
one. Bacon is aware that this affirmative part of induction is prone to error, since we
might initially pick the wrong general property, and he aptly terms it “indulgence of
the understanding.” (Bacon, in fact, proposed the property of motion as that property
of which heat is a species.) But Bacon believes that in putting forward the hypothesis
that heat is a species of some more general property and, as a consequence, focusing
our attention on our data concerning heat and this other property, we shall be more
efficient in determining whether or not heat is in fact a species of it.

Once we have completed the processes of exclusion and the indulgence of the
understanding, we shall have arrived at a provisional definition of the phenomenon
under investigation (Bacon terms this the first vintage), which will serve as the raw
material for the next stage of the inductive process, that of correction. What we have
termed the “corrective part” of Bacon’s method was to involve ten distinct steps. Of
these Bacon presents an exposition of only the the first, prerogative instances, having
been unable to complete his entire project. This exposition amounts to twenty-seven
different and special kinds of instances purported by Bacon to facilitate the refinement
of the first vintage.

Bacon believed that if his methods were followed scientists would discover the
laws that govern the phenomena of nature. Bacon clearly maintained the major tenets
of the Aristotelian method with regard to completed science, but he recognized that
completed science was a long way off and that, during the interim between incipient
science and completed science, the mainstay of scientific activity would be inductive
methods.

After the publication of Bacon’s work in 1620, it was roughly two hundred years
before further work on inductive logic was pursued again in a systematic fashion
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by John Herschell, William Whewell, and John Stuart Mill. During this interim
there were developments in the mathematical treatment of chance and statistical
approaches to observational evidence that play an important part in the history of
uncertain inference.

1.5 The Development of Probability

Attempts to mathematize decisionmaking under uncertainty were not originally un-
dertaken primarily with an eye to clarifying problems within natural science, al-
though recent scholarship suggests that such problems were part of the motivating
force. Rather, interest in a systematic understanding of probabilities is traditionally
considered to have arisen in the seventeenth century in connection with gambling.

As history preserves the story of the development of the mathematical theory of
probability, Antoine Gombaud (1607-1684), who is known as the Chevalier de Mere
and who was an author, councillor, and prominent figure in the court of Louis XIV,
proposed some questions to Blaise Pascal (1623—1662), the noted and brilliant French
mathematician, concerning some problems surrounding games of chance. Pascal, in
working out the solutions to these problems, corresponded with Pierre de Fermat
(1601-1665), the preeminent mathematician of the time, and the work done by the
two of them is usually viewed as the start of the mathematical theory of probability.

The two problems posed to Pascal by the Chevalier were concerned, respectively,
with dice and with the division of stakes. These are of sufficient interest to repeat.
The dice problem goes as follows: When one throws two dice, how many throws
must one be allowed in order to have a better than even chance of getting two sixes at
least once? The division problem (also known as the problem of points) involves the
following question: How shall one divide equitably the prize money in a tournament
in case the series, for some reason, is interrupted before it is completed? This problem
reduces to the question: What are probabilities for each player to win the prize money,
given that each player has an equal chance to win each point?

Dice problems such as the one above were well known by Pascal’s time; Geralmo
Cardano (1501-1576), around 1525, had discovered and presented in his De Ludo
Aleae rules for solving the dice problem for one die. Problems similar to the problem
of points had also been around for some time. An early example of the division
problem can be found in Fra Luca Paciuoli’s Summa (1494), and has been found in
Italian manuscripts as early as 1380. Notwithstanding the fact that these problems
were current before Pascal and Fermat attended to them, the mathematical techniques,
such as the arithmetical triangle, marshaled by the two in solving them were novel.
However, Pascal’s life was a short one (he lived but 39 years), and neither Pascal nor
Fermat felt the need to publish their mathematical results. All we possess of Pascal’s
and Fermat’s efforts is found in their few surviving letters to each other.

The importance of Pascal’s and Fermat’s investigations far outstrips the apparently
trivial concerns of dicing, for in their attempts to solve the difficult combinatorial prob-
lems posed to them, they developed techniques for analyzing situations in which a
number of alternative outcomes are possible and in which knowledge of the probabil-
ities of the various alternatives is important for practical decisions. After the work of
Pascal and Fermat little progress was made on the mathematical theory of probability
for about 50 years.
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At the time of Pascal and before, the term “probable” was connected closely with
the notion of authoritative opinion and meant something like “worthy of approbation”.
“Probabilism”, during the sixteenth century, was a principle of deciding arguments
advanced by the Jesuit order. At the time, there were an increasing number of conflicts
among the opinions of the Church authorities. According to probabilism, any opinion
of a Church authority is probable to some degree in virtue of its source, and, in the
case of conflicting opinions, it was sufficient to adopt some one of these probable
opinions, not necessarily the one which has the most authority (i.e., probability).
Around the middle of the seventeenth century, the term “probability” took on the
two meanings which we more readily connect with it—that of the likelihood of an
occurrence and that of the degree of reasonable belief. When the Port Royal Logic
or the Art of Thinking was published in 1662 by Arnauld and Nicole, it included
mention of probabilities in connection with both numerical measurement of chance
and rational belief in the form of a summary of Pascal’s famous wager.

Pascal’s wager is an example of early mathematical decision theory, the theory of
what to do when the outcome of your action is uncertain. In simple outline, decision
theory tells us that if we take the probabilities of the various possible outcomes of
our actions together with the utilities of each of those outcomes, we can determine
through the comparison of all possible acts the most rational course of action.

For example, if the probability of rain is 0.3, and your problem is to decide whether
or not to go to a football game, you may reason as follows. If I go to the game and it
rains, I’ll be miserable—measured by a utility of —10 units. If I go to the game and it
is sunny, I’ll have a great time: +70 units. If I don’t go to the game, and curl up with
a good book, I'll enjoy myself somewhat whether it rains or not: 35 units. So if I go
to the game, my expected utility is 0.30(—10) 4+ 0.70(4+70) = 46; while if I stay home
my expected utility is 1.0(35) = 35. I should therefore take the chance and go to the
football game.

In Pascal’s wager, the decision at issue is whether or not to believe in God. Pascal
argued in the following way: Either God exists, or God doesn’t exist, and the chance
that God exists is equal to the chance that God doesn’t exist. If God exists and you
decide to believe in God, then you can expect infinite happiness. If God exists and
you decide not to believe in God, you can expect to exhaust your happiness upon
dying. If God doesn’t exist and you decide to either believe in God or not believe
in God, then you can expect to exhaust your happiness upon dying. Given these
alternatives, Pascal argued, deciding to believe in God is the most rational decision.
For, if your belief is true and God does exist, then you get infinite happiness; if
your belief is false and God doesn’t exist, then you are no worse off than you would
have been had you not believed in God. Whereas one certainly can question the
assumptions Pascal makes in setting up his decision problem, the method he displays
for making decisions under conditions of uncertainty is marvelous in its economy
and force and has been subsequently developed into a powerful decisionmaking
tool.

Another important development in the history of uncertain inference during the
latter half of the seventeenth century was the birth of modern statistical theory.
The work of John Graunt (1620-1674), William Petty (1623-1687), and John de
Witt (1625-1672) on annuity data is the first recorded example of using statisti-
cal data as a basis for inferences. Their work made an important contribution to
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the problem of taking care of the social needs of large groups of people, as well
as to the problem of setting competitive insurance rates, important for commercial
development. Whereas these thinkers did not attempt to analyze the nature of such in-
ferences, their work set the stage for an increased emphasis on the nature of statistical
inference.

With the work of Gottfried Wilhelm Leibniz (1646-1716), we see a shift toward
the modern mathematical approach to logic. Leibniz both envisioned a universal
language for science based on an analysis of the functions of the various parts of
speech (thus foreshadowing contemporary formal treatments of grammar) and worked
toward mathematizing deductive logic by experimenting with logical algebras (a goal
achieved by modern logicians). Although Leibniz was interested in the mathematical
theory of probability, he did not contribute to its development; but his work on the
calculus, along with Newton’s, as well as his conception of an algebraic inductive
logic, was to have lasting impact on the theory of probability.

Although he did not contribute to the development of the mathematical approaches
to probability, Leibniz was familiar with the notion of “equipossibility” in connection
with probability and is thought by some, e.g., [Hacking, 1975, p. 122ff.], to have
employed the principle of indifference (also known as the principle of insufficient
reason), whereby we can treat as equally probable the occurrence of events among
which we are unable to choose one as more likely than another. As we shall see in
Chapter 4, this conception of probability has played a major role in the development
of uncertain inference.

Most importantly, Leibniz was familiar with the concept of evidence as used in
jurisprudence, where information is presented as partially supporting a proposition.
This notion of a hypothesis being partially supported by evidence can be traced back
to the Roman scales of laws, and Leibniz’s theory of partial implication (which he
conceived of as an inductive logic) is an attempt to mathematize this relation of partial
support. At least superficially, Leibniz’s notion of inductive logic is different from
Bacon’s conception, focusing on the relation between a hypothesis and a body of
evidence as opposed to focusing on causal conditions. Work done in this century
by Carnap and others on inductive logic (see Chapter 4) has followed Leibniz’s
approach.

It was the work of Jacob Bernoulli (1654—1705) in his posthumously published
Ars Conjectandi [Bernoulli, 1713] that brought the mathematical theory of prob-
ability beyond its incipient stages. The first part of this work is a reprinting of
Huygens’s De Ratiociniis in Ludo Aleae with commentary by Bernoulli; the sec-
ond is devoted to the theory of combinations and permutations; the third is devoted
to certain problems concerning games of chance; and the fourth attempts to apply the
theory of probability to larger social issues. The most remarkable contribution made
in Bernoulli’s text is now known as Bernoulli’s theorem.” The theorem is discussed
both in its direct form and most importantly, in its inverse forms. The early work
on the mathematical theory of probability had focused on problems of combination
and permutation involving a priori probabilities (probabilities known independently
of experience) of the occurrences under consideration. Bernoulli’s theorem in its in-
verse form is an important contribution to the attempt to determine the a posteriori

2This theorem will be discussed in Chapter 3.
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probability of an occurrence (the probability of an occurrence given some evidence
from experience).?

Jacob Bernoulli’s work on inverse probabilities was the first attempt to apply the
mathematical theory of probability to the question of how we learn from experience.
His investigation was continued by Abraham De Moivre (1667—1754) through his
work on the binomial approximation, and by Thomas Simpson (1710-1761) through
his work on the distribution of error. It was Pierre Simon Laplace (1749-1827),
however, who first successfully applied the mathematical theory of probability to
statistical data of practical import (viz., astronomical data), developed in an ana-
Iytic fashion the theory of observational error, and presented a convincing account
of inverse probability, which improved upon that of Thomas Bayes (1701-1761).
With Laplace, the mathematical theory of probability becomes firmly connected with
statistical theory [Laplace, 1951].

1.6 John Stuart Mill

Bacon had believed that his inductive methods would lead to axioms of science which
were known with certainty. He was not alone in this belief. The notion that induc-
tive arguments would provide certain conclusions was prevalent until the end of the
eighteenth century. In 1739, the Scottish philosopher David Hume anonymously pub-
lished A Treatise of Human Nature, in which he presented a now classic criticism
of inductive argument. Hume’s criticism concerns the justification for accepting in-
ductive conclusions. Why is it reasonable to accept the conclusion of an inductive
argument? What is the justification for believing that a rule for inductive inference
will lead to acceptable conclusions? We accept the conclusions of valid deductive
arguments on the basis that such arguments are truth preserving. What similar ground
do we have for accepting the conclusions of inductive arguments? Hume was unable
to find an answer to his question that upheld induction, and he advocated skepticism
with regard to the truth of inductive inferences.

Much of the force of Hume’s analysis of induction stemmed from his analysis
of causation. Hume had argued that causal connections are merely the chimera of
human imagination based on the psychological feeling of expectation and not real
connections among phenomena in the world. Every time we see lightning, we hear
thunder; we come to expect thunder when we see lightning; and according to Hume,
through this habituation we come to believe that lightning causes thunder.

As we have seen, Bacon’s inductive methods were intended to result in the gen-
eral knowledge of the causes of phenomena. Thus, our inductive investigation into
instances of heat would ultimately give rise to generalizations concerning the causes
of heat. Hume’s objection to Bacon’s method would thus be twofold. Your induc-
tive methods, Hume might say to Bacon, are never sufficient to confer justification
upon such causal generalizations. On the one hand, we fail to observe the necessary
connection requisite for causal connections, and on the other hand, the possibility is

3The Bernoulli family is one of the most remarkable families in the history of mathematics; some scholars
estimate that as many as twelve members of it made contributions to some branch or other of mathematics and
physics [Stigler, 1986, p. 63]. Besides the contributions to the mathematical theory of probability made by Jacob
Bernoulli, other contributions were made by Nicolas, John, and Daniel Bernoulli.
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always open that these inductive generalizations may be defeated by further evidence.
Today there is still no generally accepted answer to Hume’s question, just as there is
no definitive view of inductive inference, and there have been a variety of different
responses ranging from the rejection of induction to the rejection of Hume’s question
as illegitimate.

Bacon’s project of presenting an inductive logic was not continued until the middle
of the nineteenth century, when a number of authors published works on the topic. Of
these, John Stuart Mill’s A System of Logic [Mill, 1843] has dominated the discussion.
This book was until recently the standard text on inductive logic. Mill was obviously
familiar with Bacon’s Novum Organum, as well as the writings of his contempo-
raries, among them John Herschell’s A Preliminary Discourse on the Study of Natural
Philosophy (1831) and William Whewell’s History of the Inductive Sciences, from the
Earliest to the Present Times (1837). Mill assumed, pace Hume and with Bacon, that
causal regularities obtained in the world and that inductive methods would lead to the
discovery of these regularities. Mill also assumed that every phenomenon in the world
is caused by some state of affairs which immediately precedes the given phenomena
in time; Mill referred to these antecedent states of affairs as “circumstances.”

The first step in the inductive process for Mill is to decide which of the many
circumstances we will take as possible causes of the phenomena under investigation.
We certainly can’t take every circumstance as a possible cause of the phenomena,
or we could never get started. Let’s suppose we want to investigate the cause of
cancer. Among the circumstances in a given instance of cancer, we’re certain that
the distant stars are causally irrelevant; we’re almost certain that the local ambient
sound waves don’t cause cancer; we're fairly confident that the person’s heart rhythm
doesn’t, but we’re getting closer to real possibilities; something related to genetic
makeup is a possibility; another possibility might be the exposure of cells to certain
toxins; etc. This set of assumptions concerning which circumstances are and which
are not possible causes constitutes our background knowledge in a given investigation.
Given our set of possible causes, our next step is to gather information concerning
these possible causes of the phenomena under investigation through experiment and
observation.

Mill presented four fundamental methods of induction, which he termed “the
methods of experimental inquiry,” of which he combined two to make a fifth method.
Mill’s methods are termed “‘eliminative methods of induction” because they lead to
their conclusion through the elimination of all irrelevant circumstances. In a given
investigation, we will be looking to establish a conclusion of the form X is a cause of
events or phenomena of kind Y; that is, we will be searching for some circumstance or
set of circumstances X which, when present, is either sufficient for the occurrence of
a Y, necessary for the occurrence of Y, or necessary and sufficient for the occurrence
ofaY.

Necessary and sufficient conditions play a role in both modern inductive logic and
philosophy in general. We may characterize them in first order logic as follows:

e Sis a sufficient condition of E: If S occurs, or characterizes an event, then E occurs
or characterizes the event. Formally,

Vx)(S(x) —> E(x)).
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® N is a necessary condition of E: N is necessary for E; or, if N doesn’t occur (or
characterize an event) then E can’t occur; or, if not-N (—N) does occur, then = FE
must occur. Formally,

(VX)(=N(x) = —E(x))
or what is the same thing,
Vx)(E(x) = N(x)).

e C is a necessary and sufficient condition of E: You can have E if and only if you
have C. Formally,

Vx)(C(x) < E(x)).

Notice that if S; is a sufficient condition of E, then S; A S, is also a sufficient
condition of E. What interests us most is a maximal sufficient condition in the sense
that it is not the conjunction of a sufficient condition with something else.

Similarly, if N; is a necessary condition of E, then N; v N, is a necessary condition
of E. We may focus on minimal necessary conditions: Those not equivalent to a
disjunction of a necessary condition with something else.

For example, suppose we know that, whenever someone is exposed to high doses
of gamma radiation, he suddenly loses his hair. Then, we also know that exposure to
high levels of gamma radiation is sufficient to cause sudden hair loss. Suppose we also
find out that there is never an instance of sudden hair loss unless there is among the
circumstances exposure to high doses of gamma radiation. We can conclude from this
that exposure to high levels of gamma radiation is not only sufficient but is necessary
for there to be sudden hair loss.

Mill’s five methods of eliminative induction are:

(1) the method of agreement,

(2) the method of difference,

(3) the joint method of agreement and difference,
(4) the method of residues, and

(5) the method of concomitant variations.

Let us assume we’re investigating the phenomenon of heat again. The method of
agreement involves comparing different instances in which heat occurs and has for
its evaluative principle that we eliminate as causally irrelevant any circumstance
which is not found in all compared instances of heat. The method of agreement gives
rise to the first canon of Mill’s inductive logic:

If two or more instances of the phenomenon under investigation have only one circumstance
in common, that common circumstance is the cause of the given phenomenon.

Mill’s method of agreement is similar to employing Bacon’s table of essence and
presence in conjunction with the process of exclusion.

The method of difference requires that we compare instances in which heat occurs
with instances in which heat does not occur and has for its evaluative principle that
we eliminate as causally irrelevant any circumstance which both attends and fails to
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attend to occurrence of heat. The method of difference gives rise to the second canon
of Mill’s inductive logic:

If an instance in which the phenomenon under investigation is present possesses every
circumstance possessed by an instance in which the phenomenon is absent and, in addition,
possesses an additional circumstance, then that additional circumstance is the cause of the
phenomenon.

Mill’s method of difference is similar to using Bacon’s table of deviation in conjunc-
tion with the process of exclusion.

Mill was skeptical that our background knowledge would be sufficiently fine
grained to avoid erroneously ignoring actual causes in deciding what shall count
as the possible causes. This was particularly true, he thought, in those cases where
we didn’t exert experimental control over the instances but, rather, used as instances
those from ordinary observation. Mill thought that the exactness demanded by the
method of difference was suited to experimental method, which he believed implied
the introduction into one of two exactly similar circumstances the phenomenon to
be tested. Thus, Mill believed the method of difference to be accurate in its conclu-
sions. The method of agreement, on the other hand, did not require the exactness
of the method of difference. Any two instances of the phenomenon, be they natural
occurrences or experimentally produced, were available for comparison. As a re-
sult, he did not believe that the method of agreement would suffice to demonstrate a
causal connection between a circumstance and a phenomenon—we might hit upon
an accidental correlation, and not a true causal connection.

The joint method of agreement and difference is used when, as a result of the
uniqueness of the phenomenon under investigation, the first two methods by them-
selves are insufficient for determining the cause of the phenomenon. This situation
arises when we can find no instances in which the phenomenon is absent that are
similar to those instances in which it is present, thus making the method of dif-
ference inapplicable by itself. In such cases, the joint method of agreement and
difference directs us to take a number of instances in which the method of agreement
has shown a given circumstance to be uniquely associated with the phenomenon
and to remove that circumstance from those instances. If we are successful in cre-
ating this situation, we are then able to use the method of difference to determine
if the phenomenon is still present in the altered instances. If it is not, then by the
method of difference, we will have located the cause of the phenomenon. The joint
method of agreement and difference gives rise to the third canon of Mill’s inductive
logic:

If two or more instances in which the phenomenon occurs have only one circumstance in
common, while two or more instances in which it does not occur have nothing in com-
mon save the absence of that circumstance, that circumstance is the cause of the phe-
nomenon.

The method of residues is a special case of the method of difference. According to
this method, we are to determine which of the circumstances in a given instance are
known to cause which part of the phenomenon; we then eliminate these circumstances
and their effects from the phenomenon and focus on the remaining circumstances and
parts of the phenomenon. What remains of the phenomenon is known to be caused
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by what remains of the circumstances. This is the fourth canon of Mill’s inductive
logic:

Subduct from any phenomenon that which is known by previous inductions to be the effect
of certain circumstances, and the residue of the phenomenon is the effect of the remaining
circumstances.

The last of Mill’s methods, the method of concomitant variation, is essentially the
same as employing Bacon’s table of degrees or comparison in conjunction with the
process of exclusion and can be understood through reference to the fifth canon of
Mill’s inductive logic, to which it gives rise:

Whatever phenomenon varies in any manner whenever another phenomenon varies in some
particular manner, is either a cause or an effect of that phenomenon, or is connected with it
through some fact of causation.

Each of Mill’s methods admits of a number of variations, depending on the as-
sumptions we make concerning our background conditions. For example, we can
sometimes assume that one and only one of our possible causes is the actual cause
of X, or we could assume that a conjunction of possible causes is the actual cause of
X, or a negation, etc., and which of these assumptions we make will determine the
strength of our conclusion, the strongest assumption being that there is one and only
one actual cause among the possible causes, and the weakest being that there is some
combination of the possible causes which is the actual cause.

1.7 G. H. von Wright

These possibilities of arriving at general laws by exploiting the fact that a singu-
lar statement can refute a general statement have been systematically explored by
G. H. von Wright [von Wright, 1951]. It turns out that in the absence of substantive
assumptions (for example, that there is exactly one simple cause of E among our
candidates), the methods that depend on elimination, as do all of Mill’s methods,
lead to very uninteresting conclusions.

Suppose that C has a sufficient condition among S, ..., S,. Consider the ith
possibility:

(Vx)(Si(x) = E(x)).

For the moment, let us assume that these properties are all observable: We can tell
whether or not S is present. Thus, we can observe something like

Si(a) A —E(a).
This entails
(3x)(Si(x) A —E(x)),
which is equivalent to
—(Vx)(Si(x) = E(x)).

Under what conditions will empirical evidence reduce the set of possible condi-
tioning properties—the set of possible sufficient conditions—to a single one? It is



18 HISTORICAL BACKGROUND

shown by von Wright that if we consider all the logical combinations of the con-
ditioning properties Sj, ..., S,, it is possible to eliminate all the possible sufficient
conditions but one. The one that remains at the end, however, is the logical conjunc-
tion of all the conditioning properties, since if S is a sufficient condition, sois S; A S;.
If we allow negations of properties to be causally efficacious, the single remaining
candidate among possible sufficient conditions is a conjunction of n properties or
their negations. That is, it will be a property of the form £S; A --- A £S,, where
“+” is replaced by a negation sign or nothing in each clause. Similarly, if we seek a
necessary condition, we are assured of finding one: It will be an n-fold disjunction
of the negated or unnegated initial properties Ny, ..., N,.

Of course, having a list of properties from which we are sure we can construct a
sufficient condition for the event E is just to be sure that one of a finite number of
possible general statements whose antecedent is constructed from the list of properties
Si, ..., S, and their negations, and whose consequent is E, is true. But it can be argued
that in any realistic circumstance, we do not need to consider that many cases: Of
the enormous number of possible laws that can be constructed, only a much smaller
number will be in the least plausible.

On the other hand, to be sure that one of a finite number of possible general state-
ments is true is already to know something that goes beyond what experience can tell
us without presupposing induction. Thus, while Mill’s methods and their eliminative
procedures can certainly illuminate practical scientific inference, they hold no solu-
tion to “the problem of induction.” To have the complete story of inductive inference
calls for something more. This is particularly true if we take account, as we must, of
inferences to laws that themselves embody some kind of uncertainty.

There is also no natural way, on the basis of Mill’s canons alone, to evaluate
the degree to which evidence supports a generalization. As we saw in the case of
Gumshoe the sleuth, there are degrees of cogency of inference that we should take
account of. In the remainder of this book, we shall look at various more formal ways
to treat the logic of uncertain inference, as well as at ways of assigning measures
to the inferences or the results of inference. Note that these are two different things.
To conclude with certainty that the housekeeper is probably the murderess is quite
different from concluding with some intermediate degree of cogency that she is the
murderess. If five people admit that they drew lots to see who would commit the
murder, we can be quite certain that the probability is 0.20 that individual A is the
murderer. If there is a long and weak chain of argument leading from the evidence to
the unqualified conclusion that A is the murderer, then the argument may be looked
on with suspicion, though the conclusion is unqualified by anything like “probably.”
Both kinds of uncertainty will be examined in the sequel.

In the chapters that follow, some of the major contemporary approaches to inductive
logic will be presented and investigated. The tools provided by modern mathemat-
ical logic have allowed recent theorists to present their positions rather clearly and
exactly, and we will look at these theories with an eye to their motivations, strengths,
and weaknesses. A variety of interpretations of the meaning of the term “probability”
and the inductive logics that arise from those interpretations will be investigated.
Various attempts to explain the nature of evidential support will be considered, as
will attempts to explain uncertain inference in terms of statistical knowledge. We
shall also look at a number of different nonmonotonic logics.
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1.8 Bibliographical Notes

A general and quite complete text on logic before 1940 is [Kneale & Kneale, 1962]. A
review of some of the philosophical literature concerning induction, covering mainly
work since 1950, will be found in [Kyburg, 1983].
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1.9 Exercises

Many examples of the use of “inductive” arguments involve troubleshooting of
machines. Why doesn’t the car start? Well, it might be out of gas, or the spark plugs
might be fouled, or . .., or some combination of these. Imagine, or report, a fairly
complex example of this sort of reasoning. Identify the necessary and sufficient
conditions. What are the instances that did, or could, lead to a conclusion? Which
of Mill’s methods would you say is being used?

Over the past few days you have no doubt been exposed to many cases of un-
certain reasoning: Your friends have wanted to persuade you of some conclusion,
or you have wanted to persuade them of some conclusion. The reasons offered
would rarely suffice to yield a deductive argument. Sometimes plausible implicit
premises could turn the argument into a deductive one, and sometimes not; some-
times the argument is inherently uncertain or inductive. Cite four to six of these
instances of uncertain argument, and discuss them with respect to these two possi-
bilities.

Give a possible example of the use of one of Mill’s methods to establish an empir-
ical conclusion. Try to make as good a case as you can for it. State the assumptions
carefully, give the evidence, and trace the argument. Does the example really work?
What can you say about the assumptions? Can they also be established by Mill’s
methods?

Would it make sense for inductive argument to be “self-supporting” in the sense
that argument A might legitimately make use of premise P to establish conclusion
C, while argument B might make use of premise C to establish conclusion P?
Thus, both C and P could be defensible by inductive argument. Can you think of
a case, say in physics, where this is what appears to be what is going on? (Well-
known philosophers have argued on both sides of this question; either view can be
defended.)

Show that if A is a necessary condition of B, then A is a necessary condition of
BAC.

Show that the following inference is valid, i.e., not inductive in the sense that the
conclusion goes beyond the premises:

Either C; or C, or C3 is a necessary condition of E.

=Cs(a) A E(a).

=Ci(b) N E(D).

Therefore C; is a necessary condition of E.

Describe an incident from your own experience when a piece of reasoning or argu-
ment was used to establish the “sufficiency of a condition.”

Show that if A is a necessary condition for E and B is a necessary condition for E,
then A and B are a necessary condition for E.
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(9) Show that if —C is a sufficient condition for —D, then C is a necessary condition
for D.

(10)  Being out of gas is a sufficient condition for a car’s not starting. Name another
sufficient condition. Derive the corresponding necessary condition for the car’s
starting.

(11)  Show that if C; is a sufficient condition for E, and C; is a sufficient condition for
E, then the disjunction C; V C; is a sufficient condition for E.

(12)  Suppose that both N and N, are necessary conditions for the effect E (for example,
both heat and oxygen are necessary for combustion). Show that bringing about
either the failure of Nj, i.e., =Ny, or the failure of N,, i.e., =N,, will prevent
E.

(13)  Why is it hard to come up with a complete list of the minimal (shortest) sufficient
conditions for a kind of event E, but not so hard, sometimes, to find a necessary
condition for E? (Think of fire, or a disease for D.)
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2
First Order Logic

2.1 Introduction

Traditionally, logic has been regarded as the science of correct thinking or of mak-
ing valid inferences. The former characterization of logic has strong psychological
overtones—thinking is a psychological phenomenon—and few writers today think
that logic can be a discipline that can successfully teach its students how to think, let
alone how to think correctly. Furthermore, it is not obvious what “correct” thinking
is. One can think “politically correct” thoughts without engaging in logic at all. We
shall, at least for the moment, be well advised to leave psychology to one side, and
focus on the latter characterization of logic: the science of making valid inferences.

To make an inference is to perform an act: It is to do something. But logic is not a
compendium of exhortations: From “All men are mortal” and “Socrates is a man” do
thou infer that Socrates is mortal! To see that this cannot be the case, note that “All men
are mortal” has the implication that if Charles is a man, he is mortal, if John is a man,
he is mortal, and so on, through the whole list of men, past and present, if not future.
Furthermore, it is an implication of “All men are mortal” that if Fido (my dog) is a
man, Fido is mortal; if Tabby is a man, Tabby is mortal, etc. And how about inferring
“If Jane is a man, Jane is mortal”? As we ordinarily construe the premise, this, too is
a valid inference. We cannot follow the exhortation to perform all valid inferences:
There are too many, they are too boring, and that, surely, is not what logic is about.

A better way to construe logic is to think of it as a standard to which inferences
ought to conform. Again, however, an inference is an act, and it is difficult to tell
when an act conforms to the canons of logic. If I infer that Jane is mortal from “All
men are mortal,” have I erred? I can’t add the premise that Jane is a man, but I could
add the premise that Jane is a woman. Now is the argument valid? It is if I construe
“men” in the general premise as the collective “humans”—which no doubt would be
intended—and took “humans” as comprising both men and women.

“All men are male chauvinist pigs” does imply that Tom is a male chauvinist
pig. But now we would want to reject the broad reading of “men,” since Jane is not
required to be a male chauvinist pig in virtue of her humanity.

It is easy to see that in ordinary argument premises are left out that are taken to
be obvious to all, words like “men” are construed in a way that makes the argument
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valid, according to a natural principle of generosity, and in general there is a distance
between the words that people use and the objects (terms, predicates, functions) with
which formal logic is concerned. In favorable cases, the translation from the language
of the argument—ordinary English, for example—to the language of our formal logic
is not difficult. In unfavorable cases, there can be as much difference of opinion about
the translation as there is about the question of validity.

Nevertheless, there are some disciplines—mathematics, philosophy, statistics, com-
puter science, some parts of physics—in which the problem of translation is not very
difficult (it is easy to agree that “+” is a function and “ ” is a relation, and easy to
agree on their meanings in a given mathematical or quantitative context). In these
disciplines, the role of logic seems relatively clear. (Indeed, it was in the context
of mathematical argument that modern logic was developed.) One characteristic of
these disciplines that makes their arguments easily open to evaluation from the point
of view of formal logic is their emphatic concern with making their terms clear. The
problem of translation into a canonical logical symbolism is not a great one in certain
parts of these disciplines. The problem in these disciplines centers on the arguments
themselves. What is an argument, and how does it differ from an inference?

An inference is an act. We infer a conclusion C from a set of premises P, P,.
An argument is a collection of sentences that is intended to trace and legitimize an
inference. An argument is basically social, rather than psychological: It is the means
by which I attempt to persuade you that the inference of the conclusion from the
premises is legitimate. (“’You,” of course, may be my other or more skeptical self.)
More or less detail may be given, as appropriate to the context. Certain steps in an
argument are common enough to have been given their own names: modus ponens,
for example, is an argument of the form “If S, then T'; S; therefore T.” From here it
is a natural step to want to characterize legitimate arguments in general; and thus we
develop formal logic.

Everything we have said so far, except for the examples and the existence of a
formal logic, could as well apply to uncertain inference or inductive inference as well
as to deductive inference. Deductive arguments, of the kinds found in mathematics,
are the best understood, and are the focus of most courses in formal logic. Inductive
arguments, arguments that confer partial support on their conclusions, have received
less formal attention, though their importance has been widely recognized, both in
philosophy for centuries and in artificial intelligence for decades.

Formal logic is a systematization and codification of all the legitimate arguments
of a certain sort. Thus, the system of formal logic you are assumed to have studied,
first order logic, provides a complete characterization of valid arguments involving
predicates and relations, functions and names, making use of quantification over
a single class of entities. Left out are modal operators (“It is necessary that ),
epistemic operators (“John knows that ), and the like.

The logic is specified in the abstract—a vocabulary and formation rules are given
that characterize the sensible (or meaningful) sentences of the logic; axioms and rules
of inference are given that characterize the set of theorems of the logic. A central
notion in first order logic is that of proof. A proof is a mechanized form of argument.
It is a sequence of formulas of the logic, each of which is either (a) an axiom, or (b)
inferrable from previous formulas in the sequence by one of the rules of inference
of the logic. A theorem is a sentence that may appear as the last line of a proof.




INTRODUCTION 23

This idea can be extended to that of proof from premises: A proof of a conclusion
C from premises P, P, is a sequence of formulas of the logic, each of which is
either (a) a theorem of the logic, or (b) one of the premises, or (c) inferrable from
previous formulas in the sequence by one of the rules of inference of the logic.

This is a long way from the psychological process of inferring. What is the relation
between inference and logic? We can make a connection through argument. Even
psychologically, an inference may not take place in a single leap of intuition. One
may think through the consequences of a set of premises or assumptions in a number
of steps before arriving at a conclusion. If one is persuading someone else of the truth
of the conclusion, given the premises, one generally must provide intermediate steps.
Arguments admit of many degrees of detail, according to the size of the intervening
steps. The ultimately most detailed form of argument, in a formal language, is exactly a
proof, in the sense just spelled out: a sequence of formulas, each of which is a premise,
an accepted logical truth, or the result of applying one of the rules of inference of the
underlying logic.

No one, except perhaps for illustrative purposes in a logic course, presents argu-
ments as proofs. Rather one seeks to persuade the reader or the listener that a proof
exists. Formal logic provides a general framework within which we can systemati-
cally refine our arguments toward the ultimate standard: proof in our formal logic.
Given a set of premises in a formal language—arriving at such a set of premises,
as we noted, can be problematic in the sense that formalization is not a mechanical
process—the claim that a sequence of formulas is a proof of a conclusion from those
premises is mechanically decidable. All that is needed is the ability to decide when
two patterns are the same and when they are different. If three lines have the forms
S, S — T, and T, then the third is a consequence of the first two, whatever S and T
may be. In the ordinary course of events, we achieve agreement about whether or not
there is a proof long before we actually produce one; at that point it is generally no
longer of interest to exhibit a proof. But the possibility of exhibiting a proof is what
renders our arguments constructive and useful.

Other claims regarding the virtues of logic have been made, often with some
legitimacy. It is perhaps true that a person trained in logic will be able to see more
consequences of a set of premises more quickly than a person lacking that training.
It is surely true that training in logic will enhance one’s ability to see flaws in the
arguments of others. It has also been argued that logic is a discipline that “trains
the mind” somewhat in the manner of weight lifting or running: a discipline that is
probably unpleasant in itself, but that has beneficial effects in the long run. This is a
view of logic that is hard to either attack or defend. Another defense of logic rests on
its inherent interest: it is interesting in itself, and provides the student with objects
of significant beauty and elegance. But not all students find the aesthetic qualities of
logical systems sufficient motivation for their study.

It is assumed that the users of this text will be familiar with first order logic. This
will usually mean having had a course in first order logic, though some students
may have studied logic on their own. Even those who have had a course, however,
may have had quite different courses, for logic is taught in very different ways at
different institutions, and even at the same institution by different instructors. This
chapter therefore contains a review of some of the useful material of a first order logic
course. Although the construction of formal proofs is an appropriate emphasis for a
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first order logic course, our basic concerns in this chapter are more general, and we
shall have little concern with the construction of formal proofs.

Our approach to uncertain inference will be to explore the possibilities of a logic
of uncertain inference in the sense characterized earlier: a canon of standards against
which the cogency of arguments may be measured, whether or not those arguments
purport to lend “certainty” to their conclusions. Because classical first order logic is
our standard and our inspiration, and since we are proposing to take it for granted,
the present chapter will provide a review of some of the substance of that logic. We
will at the same time make use of this chapter to remind the student of some useful
facts about logic.

2.2 Syntax

Informally, we may say that a good or valid inference is one that leads to true con-
clusions from true premises. It is a form of inference that preserves truth, if it is there
to start with. We leave open the question of what it leads to when the premises on
which it is based are not true. We leave open, also, the question of what are to count
as premises. And, for the time being, we leave open the question of whether—and if
s0, how—to weaken this standard of validity.

It is surely a good thing if one’s inferences preserve truth. For example, from the
premises “If Jane’s net income exceeds $32,000, and she is a single parent, then Jane
must pay a tax of 25% on the difference between her income and $32,000,” and “Jane’s
net income exceeds $32,000, and Jane is a single parent,” we (that is, anyone) may
infer “Jane must pay a tax of 25% on the difference between her income and $32,000.”

Actually, this is a pretty boring inference. To find something interesting, we must
consider premises that are quite complicated. Thus, from “Every dog has fleas,”
“Some fleas have no dog,” and “No flea has more than one dog,” we may infer
that there are more fleas than dogs. More importantly, if we take the axioms of a
mathematical system (abstract algebra, geometry, number theory—even probability
theory or set theory) as premises, and the theorems of that theory as conclusions,
the theorems may be inferred from the premises. Correct inference in mathematics is
valid inference. It is legitimized by the existence of formal proofs and often presented
by informal arguments designed to convince us of the existence of the formal proofs.

But now we must face the question of what valid inference is, and how to tell a valid
from an invalid inference. In the examples of valid inferences we just looked at, the
premises and conclusions were given in ordinary English. We needed no arguments,
since the inferences were so direct. In mathematics, arguments are needed to buttress
the inferences being made. Mathematical arguments are generally given in a more
formal and structured language than English; they make use of such predicates as
“=", “is prime”, “>", “€”, and so on. Legal arguments fall somewhere in between,
involving a certain amount of technical vocabulary as well as a certain amount of
ordinary English. In each case, though, there is a core of “logic” that is the same, and
the concept of validity is the same.

We begin by characterizing a formal language within which arguments and proofs
may be presented. We will be talking about this language; the language we talk about
is called the object language. For example, in a formal language for representing
number theory, we would have the mathematical predicates mentioned in the last
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paragraph; in a formal language for discussing contracts, we would need “ is a
contract,” “  is bound by .’ and so on.

The language we use for talking about the object language is called a metalan-
guage. This language needs (among other things) terminology for talking about the
expressions—the terms, the predicates, the sentences, the formulas, etc.—of the ob-
ject language. As we shall see almost immediately, the metalanguage is also often
taken to include the object language as a sublanguage, as well as to have the ability
to talk about the object language. The metalanguage gives us the means for talking
about proofs in the object language: the characterization of proof that we gave in the

last section was in our informal metalanguage, English. For example, one might say:

A proof of a sentence is a sequence of formulas, to which the sentence belongs, each of
which is an axiom or inferrable from earlier formulas in the sequence by one of the official
rules of inference.

There is a canonical procedure for characterizing the language of a formal system.
The language consists of a vocabulary, formation rules, axioms, and rules of inference.
The vocabulary consists of predicates (corresponding to the phrases “  isred” and

“ is even” in English, for example), relation expressions (corresponding to “  is
brotherof “and*“ liesbetween and ), operations (such as “the sum of
and 7 and “the mother of ), names (such as “John” and “25”), and usually

an infinite set of variables (for example, x; x, X ). The infinity of the set of
variables is no problem, since we can give a recursive characterization of them; for
example, we can say “x is a variable, and x followed by any number of primes (such
as x”) is a variable.” Note that this gives us a mechanical procedure for discovering if
an expression is a variable. The answer is “yes” if itis “x” or is a variable followed by
a prime. Now we have the shorter problem of determining whether what is followed
by the prime is a variable.

We may introduce an infinite number of constants (for example, the natural num-
bers, or the real numbers) as well as an infinite number of predicates (“the length of
is r,” where r is a rational constant), provided we can do it in a finitary way.

It should be observed that though we have allowed for very complex languages,
for many purposes quite simple languages will serve. Thus, if we want to characterize
the family relationships of a primitive society, we need a collection of names (code
numbers will do); one predicate, “female”’; and one relation, “sibling of”’; and one
function, “parent of.” For convenience, we may then introduce relations like “maternal
uncle of,” but these terms can be defined away.

In some cases we will have several sorts of variables in the language: thus we
might use Greek letters for real number variables, and Latin letters for variables that
range over physical objects. If we do so, then it may be that there are correspondingly
only some predicates and relations that make sense when applied to individuals and
variables of a given sort. Thus, “x is heavy” makes no sense, in ordinary talk, applied
to “25”, and “ is even” doesn’t make sense if is taken to vary over ponderable
bodies. Note that it is quite possible to have sensible expressions that combine both
sorts: Thus “the height of John in inches >72” could correspond to a mixed sen-
tence that makes perfectly good sense, because the function “the height of  in
inches” could be a function having a domain consisting of people, and a range in the
reals.
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The formation rules tell us what a well-formed formula or well-formed term of
the calculus is. These rules must be (in ordinary cases) recursive, because we want to
allow for an unlimited number of sentences. Furthermore, since we want to introduce
statements by kinds rather than one at a time, we use the device (due to Quine) of
quasiquotation. Thus, to form a general descriptive name for conjunctions we write
“" A, by which we mean the set of formulas we could (at length) describe as:
the formula , followed by the symbol “A”, followed by the formula . Note that
“ A 7 denotes something quite different: the Greek letter “ ” followed by “A”
followed by the Greek letter “ . But we want to say something about formulas of a
certain sort, not something about Greek letters. Traditionally, the formation rules run
as follows:

(1) An n-place predicate followed by n terms is a well-formed formula.

(2) If and are well-formed formulas and is a variable, then = (negation),
N (conjunction), Tovo ] (disjunction), v (universal quantification),
and"3 ' (existential quantification) are well-formed formulas. The conditional
and the biconditional are, similarly, sentential connectives. If and are terms,

" = isa well-formed formula. (Later we will both impose new restrictions
and allow new forms; these are the traditional ones.)

(3) A variable is a term.

(4) A O-place function is a term (specifically, a name).

(5) If isak-place function, and ¢ are terms, then " (1 k)j is a term.

Notice that we have to know what a term is before we understand what a formula
is. It is also the case that we may need to know what a formula is in order to know
what a term is. This is not as awkward as it sounds. One case in which we need to
understand formulas before we understand terms is that of definite descriptions. A
definite description is an expression of the form " (1x) ', for example:

(1x)(Husband(x, Jane))

The inverted Greek iota, 7, is a variable binding operator: it binds the two occur-
rences of x in the expression displayed. The expression thus created is a term de-
noting the unique object in the domain of quantification—the set of objects that are
the values of the variables—who is the husband of Jane, provided there is exactly
one. If there is none (if Jane is unmarried), or if there is more than one (if Jane
is polyandrous), then we shall take the displayed expression to denote the empty
set. Different treatments of nondenoting definite descriptions are possible, but this
treatment, due to Bertrand Russell, is relatively straightforward. It might be thought
that taking a definite description to be meaningless when it applies to less than or
more than a single object would be more natural, but this approach carries with it
the difficulty that we must know a fact about the world before we can tell whether
or not an expression is meaningful. It seems more desirable to separate questions
of meaning and questions of truth. Note that what follows the variable binding op-
erator (1x) must be a well-formed formula for the expression to be a well-formed
term.

There is no vicious circularity here, since a definite description must be longer
than the well-formed formula that it contains. Thus, if is a well-formed formula,
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any term that it contains must be shorter than it; and if some term in is a def-
inite description, the formula that it contains must be shorter than . The short-
est formulas don’t contain descriptions, and the shortest terms don’t contain
formulas.

Thus, in English the complex but meaningful sentence, “The shortest man in town
is married to the tallest woman in town” is meaningful (on the Russellian construction)
precisely because “the shortest man in town” corresponds to a definite description:
the unique x such that x is a man in town, and for every y, if y is a man in town
other than x, then x is shorter than y; and “the tallest woman in town” can be parsed
similarly. Thus, the sentence is meaningful. Is it true? That depends, of course. If there
are two or more men in town who are shorter than all the other men, the sentence is
false because there is no shortest man, similarly for the tallest woman. But even if
there is a shortest man and a tallest woman, they might not be married—they might
not even know one another.

In addition to definite descriptions, we will assume that our languages contain
the machinery to refer to set-theoretical objects. Thus, “{x : Integer(x) A 3 x 8}”
will refer to the set of integers between 3 and 8, or {4 5 6 7}; {{x y):x and y are
married} is the set of married couples. The expression “{x: }” is, like the descrip-
tion operator, a variable binding operator. The variable or variables that it binds
are those preceding the colon; as in the case of the description operator, for the
term to be well formed, the expression following the colon must be a well-formed
formula.

Because we will not be concerned with sophisticated issues in set theory, we will
simply suppose that the rudiments of manipulating sets are familiar.

The axioms of logic consist of a set of well-formed formulas that can be recog-
nized mechanically. In some systems they are taken to be finite: thus a system for
propositional logic might include variables X ¥ Z  for propositions, and take the
following four formulas as axioms:

1d XvX-—X,

2) X—>XvVvY,

B XvY—>YVX,

4D X—=>Y)>ZVvX—>ZVY).

These four axioms, taken from Hilbert and Ackermann [Hilbert & Ackermann, 19501,
will yield the calculus of propositional logic only if we have available a rule of
substitution as well as modus ponens for making inferences.

An alternative approach, adopted by W. V. O. Quine in Mathematical Logic [Quine,
19511, is to introduce axioms in infinite groups. Thus, Quine takes the closure of any
truth-functional tautology to be an axiom (axiom group *100), where the closure of
a formula consists of the universal quantification of all its free variables. It is, in fact,
nearly as intuitive and straightforward to verify that a formula is a truth-functional
tautology as it is to verify that it has the form X — X v Y.

One advantage of Quine’s approach is that one need not have a rule of substitution
among the inference rules. Quine’s system Mathematical Logic, for example, has
only one rule of inference: modus ponens. In this system, the single sentential con-
nective (neither—nor) is taken as primitive, together with the universal quantifier. The
usual connectives and the existential quantifier are introduced as abbreviations for
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expressions that are officially to be thought of as spelled out in primitive nota-
tion. This allows our basic system to have a very simple (if impenetrable) struc-
ture, and simplifies the analysis of proof theory—that part of logic concerned with
provability.

2.3 Semantics

In addition to being concerned with what statements are provable in a system, we
may also be concerned with what statements are true. To speak of truth requires
more than the syntactical machinery we have introduced so far. It requires seman-
tics, which in turn makes use of models of the language. The concept of a model
allows us to define truth, and derivatively to characterize validity and invalidity. In-
formally we have characterized validity in terms of the preservation of truth; model
theory gives us a way to do this formally, as well as being, as we shall see, useful in
other ways.

A model (in the simplest case) for a language with a given vocabulary consists of a
domain of objects D over which the variables range, and an interpretation function Z
that interprets the expressions of the language as entities in D or as entities constructed
from entities in D.

(1) The interpretation function Z assigns objects in the domain D to names in the
language. To each proper name (“John”, “2”, “Tweety”, “The Wabash
Cannonball”, “Venus”, etc.) the function Z must assign exactly one item in D.
(Sometimes we may be concerned with a special class of models that satisfy the
unique names constraint. In such models, Z must assign distinct objects to distinct

names.)

(2) To each one-place predicate in the language (“  isred”, “ iseven”,“ is
mortal”, etc.) Z must assign a subset of D. Allowable assignments include the
empty set and D itself. Similarly, to each k-place predicate (“ loves 7, is
longer than 7, liesbetween and 7, isthe greatest common divisor
of and ”, etc.),Z assigns asubsetof DX =D x --- x D = {{x] x» Xp):
x; € D}, including the possibility of the empty set ¥, and DF itself.

(3) To each k-place function symbol or operator (“ + 7, “mother of 7, etc.) Z

assigns a function from D to D.

As an example, let us consider a language with the following simple vocabu-
lary, in addition to the conventional logical machinery of first order logic. There
are two constants: “Sally” and “James”. There are two one-place predicates: “has
red hair” and “is female.” There is one function symbol: “mother of.” There is

one relation, “ likes 7. (Note that we use quotation to form the names in
the metalanguage of the expressions in the object language.) A natural empiri-
cal domain consists of a set of people, say six of them, d, ds. (Note that we

do not use quotation: d; is a person in our domain, not the name of the person.)
Here is an example of an interpretation function: Let the interpretation of “Sally”
be d; and of “James” d,. Let the interpretation of the predicate “  has red hair”
be the set consisting of dg¢ alone: {d¢}. Let the interpretation of “ is female” be
{dy ds ds}. Now “mother of” must be a function from our domain to our domain.
That is, given any object in the domain, the interpretation of “mother of,” applied
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to that object, must yield an object in the domain. We can give this function by a
table:

Object  Mother of object

d, dy
d dy
ds dy
dy ds
ds d,
ds d,

Thus, dy is the mother of d, d», and d3; ds is the mother of dy4; etc. Note that every
object in our domain has a mother. Because there are only a finite number of objects
in the domain, that entails that there is a closed cycle of motherhood: somebody is
the mother of somebody who is the mother of  who is the mother of the original
person. In this case, d; is the mother of ds, who is the mother of d,, who is the mother
of d;. If we want it to be the case that “mother of” is a noncyclical function, and
yet that our domain is finite, we can accomplish this by choosing an element of our
domain to be the universal mother, including mother of herself. A natural candidate
in this example is d;: put (d; d,) in place of (d; d4).

Finally, we need an interpretation for “likes.” This may be any set of pairs: Let’s say
{{d, d3) {d\ dg)}. We have described a world—a small one, it is true—in complete
detail, or rather in as much detail as is permitted by our language.

We can now define truth for quantifier-free sentences of the language. A sentence
is a statement with no free variables; so a quantifier-free sentence is a formula with
neither free nor bound variables. In our example, we can see that “James has red
hair” is false, because the only object that has red hair is d¢ and “James” is being
interpreted as the object d,.

We want truth to be defined for all sentences, and to accomplish this we must have
truth defined also for sentences containing free and bound variables. We consider first
free variables: e.g., the variable x in the formula “x has red hair.”

The basic auxiliary notion we need is that of a variable assignment. A variable
assignment is a function V that assigns to each of our infinite number of variables
an object in the domain D. Because in our example D only contains six objects, the
function V must repeat itself a lot; each object may be the assignee of an infinite
number of variables, and at least one object must be.

We define the central semantical notion of the satisfaction of an open atomic
formula P(z, t;) (a formula consisting of a k-place predicate followed by & terms)
by employing the same procedure we employed in defining the syntactical notion of
a well-formed formula. Given an interpretation function Z, and a variable assignment
V, the k-tuple assigned to the terms ¢, t; is a sequence of k objects in D. If one
of these terms is a name, it is the object assigned by Z to that name; if it is a definite
description, it is the corresponding object, if there is a unique one; otherwise it is
the empty set. If it is a variable, the object is that assigned to that variable under
V. We say that a formula is satisfied by the variable assignment function V), just in
case the k-tuple assigned to the k terms # tx (under both Z and V) belongs to
the set of k-tuples picked out by the interpretation of P. In turn, of course, the object
in D assigned to a particular term having the form of a function or description may
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depend on the formulas that occur in that function or description. But in view of the
fact that the formulas appearing in the terms must be shorter than the formula whose
satisfaction we are concerned with, this process comes to a halt. It will halt when the
terms that require interpretation are either names (whose interpretation is given by 7)
or variables (to which objects are assigned by V).

To continue our example, the formula “likes(x,(7y)(y has red hair))” will be true
justin case the object that ) assigns to x, paired with the object assigned to “(7y)(y has
red hair)”, is in the interpretation of “likes”. The object assigned to “(1y)(y has red
hair)” is ds according to the interpretation of “  has red hair.” The initial sentence
will be true just in case V assigns d; to the variable x.

Given a definition of satisfaction for atomic formulas, the rest of the process of
defining truth is simple, except for quantification. An interpretation Z and a variable
assignment V satisfy a formula of the form"— " if and only if Z and V fail to satisfy ;
they satisfy v ' if and only if they satisfy one formula or the other; and so on. Of
course, if there are no free variables in , an interpretation Z and a variable assignment
V satisfy if and only if is already true under Z.

The new case concerns quantification: if the variable is free in the formula |,
then'V is satisfied by a variable assignment V' and interpretation Z if is satisfied
by every variable assignment that is like V except possibly for the variable assignment
made to the variable

We have thus generally defined truth in a model of our language, both for sentences
containing free variables and for closed sentences, in terms of a domain (D), an
interpretation function (Z), and a variable assignment (V). The ordered pair (D Z)
is a model. Another structure that turns out to be of interest is the set of all models
of our language when we fix the domain. One name for such a set of models is a
“set of possible worlds.” If we have two objects in our domain, D = {d| d,}, and one
predicate, “  is red,” in our language, then there are four possible worlds: that in
which no objects are red, that in which only d, is red, that in which only d, is red,
and that in which both objects are red.

If we disregard the internal structure of the sentences of the language, we can
identify a possible world with a truth assignment to the atomic sentences of the
language. Suppose our language consists of four atomic propositions, p;, p2, p3
and p4, and their truth-functional combinations. There are an infinite number of
sentences in the language: p; A p2, p1 A p2 A p1, etc. But there are only a finite
number of possibilities, 16, that we can distinguish. These correspond to the truth
value assignments we can make to the atomic propositions: these are the 16 “possible
worlds” we can distinguish in this language.

24 W. V. O. Quine’s Mathematical Logic

The formalization of first order logic we will look at is that given by Quine in
Mathematical Logic. This is not an easily accessible system, and surely not one
in which proofs are easy to construct. On the other hand, it has a very streamlined
axiomatization, and a single simple rule of inference (modus ponens). It is thus a good
system for talking about logic. It is this that is of primary importance to us, since we
are going to be looking at proposals regarding uncertain inference as proposals for an
extension of logic, as well as proposals for a formalization of uncertainty within logic.
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The axioms for first order logic given by Quine make use of the notion of the
closure of a formula. The closure of a formula is the sentence obtained by prefix-
ing the formula with universal quantifiers, in alphabetical order (i.e., binding the
alphabetically earliest free variable first), for each free variable in the formula. Thus,
“has-red-hair(James)” is its own closure, “Vx(likes(x mother-of(x))” is the closure of
“likes(x (mother-of(x)),” etc. Quine’s four groups of axioms are:

*100 If is tautologous, its closure is a theorem.

#101 The closureof (Vv )( — )— (Y ) — (Vv ) ) isa theorem.

%102 If isnotfreein |, the closure of — (¥ ) ' isa theorem.

*103 If 'islike except for containing free occurrences of ' wherever contains free

/

occurrences of , then the closure of (¥ ) — /' isa theorem.

These four groups of axioms, together with a single rule of inference, modus
ponens, suffice to yield all the logical truths of the first order predicate calculus.
Modus ponens has the form:

*104 If is atheorem, and "5 isa theorem, then is a theorem.

Three further groups of axioms, involving membership, provide for the rest of
set theory (and thus mathematics), the logic of identity, definite descriptions, and
the like. We shall not display these axioms, since in Quine’s system abstraction and
identity can be handled independently of the axioms of membership, although they
do involve the membership relation “€”. We shall, as the occasion demands, assume
that we have available whatever mathematics and set theory we require.

No formulas of the system are displayed in the axioms. What are displayed are
schemas. The closure of any formula fitting one of the schemas (or patterns) displayed
as axioms is a theorem. Thus, the closure of “likes(x y) — likes(x y)” is a theorem
under *100; the closure of “Vx(likes(James x)) — likes(James y)” is a theorem under
*103. The development in Mathematical Logic is given mainly in terms of metatheo-
rems, that is, it is shown that the closure of any formula of a certain form is a theorem.
This is done by establishing the existence of a pattern that, in the case of any formula
of the form in question, would constitute a formal proof.

For example (the translation of) “If all animals have hearts, then every ani-
mal in this cage has a heart” is a theorem of our language. A proof of it is pro-
vided by the following three sentences (with the obvious interpretations of the
letters):

1) (Vx)(Ax > Hx) »> (Ax ACx — Hx)) —>

(Vx)(Ax = Hx) — (Vx)(Ax A Cx — Hx)) *101
2) (Vx)((Ax - Hx) —> (Ax ACx — Hx)) *100
3) (Vx)(Ax — Hx) — (Vx)(Ax A Cx — Hx). modus ponens

The system just outlined is sound in the sense that every theorem of the system is
true in every model of the language: i.e., for every interpretation in every nonempty
domain.

We can show that every sentence in a given language that is the closure of a formula
fitting the schemata of the axioms is true in every model. For example, “Vx(has-red-
hair(x) v — has-red-hair(x))” is true in a model, under a variable assignment V, just in
case “(has-red-hair(x) v — has-red-hair(x))” is satisfied by every variable assignment
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that is like V except possibly for the assignment made to x. But whatever member of
D is assigned to x, either it will be in the interpretation of “has-red-hair,” making the
left hand side of the disjunction true, or it will not be in the interpretation of “has-red-
hair,” making the right hand side of the disjunction true. Thus, the originally displayed
sentence is true in every model—i.e., in every domain under every interpretation.

It is also clear that the property of being true in every model is inherited under
modus ponens. If and" — ' are each true in every model of the language, then

must be true in every model.

Here is a more complete argument for soundness.

*100 The closure of a tautology must be true in every model, since its truth does not
depend on whether a variable assignment satisfies any particular component of the
tautology.

*101 The closure of r(‘v’ W — )= ((v) — () )1 must be true in every model,
since for it to be false the antecedent must be true and the consequent false; for the
consequent to be false r(\7’ ) " must be true and yet, for some variable assignment
V, must be false. This very variable assignment will fail to satisfy = —

*102 If isnot free in , the closure of SN ~) s true in every model, since just
the same variable assignments will satisfy  as satisfy v .

*103 If ’islike except for containing free occurrences of ' wherever contains free
occurrences of , then the closure of r(‘v’ ) — ""is true in every model, because
for the antecedent to be satisfied by a variable assignment V, must be satisfied by
every variable assignment that assigns any object to the variable , including what
V assigns to ’, and keeps all other assignments the same.

The axioms of each kind are therefore true in each model. We now show that this
property of being true in every model is preserved under the only rule of inference of
this system, modus ponens.

Specifically (since there is only a single rule of inference), we must show that if

is true in every model, and "~ — ' is true in every model, then is true in every
model. Suppose that the premises are true in every model, but that there is some model
in which the conclusion is false. This is just to say that there is some variable assign-
ment in some model that fails to satisfy . Because every variable assignment in every
model satisfies , that particular variable assignment, in that particular model, will fail
tosatisfy " — ', contrary to our supposition that” — ' is true in every model.

We conclude that the theorems of this system are true in every model—i.e., every
nonempty domain D and every interpretation Z—of the language. This establishes
the soundness of the system.

What is of even more interest is that quantification theory is complete as well as
sound. Every sentence that is true in every (nonempty) model of the language can
be proved as a theorem. We will not prove this here (though proofs can be found in
many books on first order logic).

It is also worth observing that in general there is no mechanical procedure for
deciding whether or not a sentence has this property of being true in every model.
We must be fortunate enough to find a proof. On the other hand, we should not make
too much of this undecidability in principle: very broad classes of sentences admit of
a decision procedure.!

' A compendium of general constraints that yield decidable systems is provided by [Ackermann, 1962].
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2.5 Arguments from Premises

From our point of view, arguments from premises are more interesting than proofs
of theorems. The examples with which we started are arguments from premises:
Given the premises P, P,, can we conclude C? We can if there is a proof of C
from the premises. The connection between arguments from premises and theorems
is provided by the deduction theorem. Let us call an argument to the conclusion C
from premises P, P, valid if the conclusion is true in every model in which
the premises are true. (Note that calling an argument valid is different from calling
a formula valid.) As a special case, of course, if we have in mind a collection of
possible worlds, the conclusion of a valid argument will be true in every world in
which the premises are true.

Theorem 2.1 (The Deduction Theorem). An argument is valid if and only if the
conditional whose antecedent is the conjunction of the premises and whose consequent is
the conclusion of the argument is a theorem.

Proof: If the conditional P; A --- A P, — C is true in all models, then clearly
C must be true in every model in which the antecedent P; A --- A P, is true. The
antecedent is true in every model in which each of the premises P; P, is true.
The conclusion is therefore true in every model in which each of the premises is true.

Going the other way, to say that the conclusion of the argument is true in every
model in which the premises are true is to say that every model is such that the
conclusion of the argument is true if the conjunction of the premises is true, or,
equivalently, that the conditional whose antecedent is the conjunction of the premises
and whose consequent is the conclusion is true in every model; and this, in view of
the completeness of quantification theory, is to say that the corresponding conditional
is a theorem. [ ]

We call a system argument sound if the conclusions of arguments it warrants
are true in every model in which the premises are true. It is argument complete if,
whenever a conclusion is true in every model in which the premises are true, it is also
the case that the conclusion is derivable from the premises by means of the rules of
inference of the system.

For example, in the present language, we might want to show that it is legitimate
to infer that John’s mother likes everyone whom he likes, in virtue of the fact that
mothers all like their offsprings, and John’s mother is a mother and likes anyone
whom anyone she likes likes. In our official language, the premises are:

1) (Vx)(M(x) = (YVy)C(y x) = L(x y))),
2) M(@m(j)) AC(G m(j) AF)EYNLn() y) AL(y x)) = Lim(j) x)],

and the conclusion is
3 (VX)L x) = Lm(j) x)).

One way to show that this inference is valid is to form the corresponding conditional
and to construct a formal proof of the conditional—that is, a sequence of formulas in
the language, each of which is an axiom or is obtained by modus ponens from earlier
formulas in the sequence, and that culminates in the conditional in question.

Another way to show that this inference is valid is to provide an argument to the
effect that a proof is possible. For this, we may take advantage of the deduction
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theorem and exhibit a sequence of formulas, each of which is a premise or a theorem
of the logical system, and that culminates in statement 3. The following formulas can
clearly be expanded into such a sequence:

1) M@m(j) - (Vy)C(y m(j)) — Lim(j) y))
First premise, instantiation.

(2) M(m(j))
Second premise, simplification.

) (VY)(C(y m(j)) — Lim(j) y)
Modus ponens, lines 1 and 2.

@ C(j m(j)) — Lm(j) j)
Line 3, instantiation.

(5 € m())
Second premise, simplification.

(6) L(m(j) j)
Lines 4 and 5, modus ponens.

(7) (YOIEy)Lm(j) y) ALy x)) = L(m(j) x)]
Second premise, simplification.

®) @y)Lm(j) y) A L(y x)) > L(m(j) x)
Line 7, instantiation.

9 L(j x) > L(m(j) x)
Lines 6 and 8, existential generalization, and *100 (tautologies).

(10) (Vx)(L(j x) = L(m(j) x))

The deduction theorem says that the closure of the conditional whose antecedent is
the conjunction of the premises and whose consequent is line 9 is a theorem. The
only free variable in that conditional is x, which occurs free only in the
consequent. ¥*101, ¥102, and an application of the deduction theorem yield line 10,
the conclusion.

This sequence of formulas is not a proof from premises. It should be thought of,
rather, as a recipe for producing such a proof. The annotations are intended to suggest
(a) which metatheorem(s) of Mathematical Logic would be relevant, and (b) how they
are related to the formulas in question. This general idea is assumed to be familiar to
readers of this text, whatever specific system of logic they have studied.

We will suppose that the logic of uncertain inference includes the standard first
order deductive logic we have outlined. There are, however, various ways that first
order logic can be expanded. One direction in which it can be expanded is to develop
a modal logic to take account of modal locutions, such as “S is possible” and “S is
necessary.” Another way in which first order logic can be expanded is in the direction
of epistemic logic: alogic in which “it is known that S” can be expressed. It turns out,
as we shall see in our treatment of nonmonotonic logic, that some of the structure of
modal logic may be quite directly reflected in or made use of in nonmonotonic logic.
That will be a more useful place in which to present the rudiments of modal logic.

2.6 Limitations

What’s the matter with logic? As a guide to “correct thinking,” it is not very effective.
Nobody thinks in formal proofs, nor should they; it would be a dreadful waste of time.
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Good habits of reasoning may be inculcated by the study of formal logic, or by any
other formal subject, such as abstract algebra, but it is doubtful that any particular
course can claim pride of place in having beneficial effects on habitual patterns of
reasoning.

Logic is important to certain formal disciplines—mathematics and philosophy, to
name two—and the study of logic certainly contributes to the understanding of those
disciplines. Even here, although one cannot be effective in these disciplines without
being able to construct valid inferences, or without being able to tell valid from invalid
arguments, one need not, on that account, develop facility in any particular system of
formal logic. There are many successful mathematicians and philosophers who have
never had a formal course in logic.

The main importance of logic in these formal disciplines, and in other areas as well,
is as a standard of last resort for valid inference. Valid inference is important because
argument and proof are important. In order to get on with science, in order to agree
on a course of action, we must agree on what our axioms and our premises entail. In
a court of law, we need to know whether or not the evidence entails the guilt of the
accused. In science, we need to know whether the outcome of the experiment could
have been predicted on the basis of the accepted theory (that is, be derived from the
axioms and the boundary conditions). In order to cooperate in practical life, we need
to be able to agree that if proposition S is made true by an act, then, given what else we
know, proposition T will also be true, since S, together with background knowledge,
entails 7. In each case, if we can come to agreement about whether or not an argument
establishes the existence of a proof, we can be assured of agreeing on the entailment.

Argument is a social activity. Margaret asserts a proposition; Theodolphus doubts
it; Margaret offers an argument from premises that Theodolphus agrees with to the
conclusion in question. If Theodolphus accepts the premises, then exactly what is
at issue is whether or not there is a valid argument from those premises to that
conclusion.

Formal logic bears on this issue in an important way, but only indirectly and as a
standard of last resort. Let us see how this happens. The results may help us to form
an idea of what we might demand of inductive logic.

(1) In order to apply a formal first order logic, Margaret and Theodolphus must agree
on a formal representation of the premises and conclusion. This involves
translating the predicates, names, functions, etc. of the ordinary language of the
premises and conclusion into a fragment of a formal language. This is a matter of
degree. If what is at issue is an argument in the propositional calculus, the arguers
need not be at all concerned with the internal structure of the sentences involved. If
the argument involves the full predicate calculus—quantification theory, names,
functions—some amount of internal structure must also be agreed on.

(2) Margaret and Theodolphus must agree not only on the representation of the
premises, but on the acceptability of the premises. They must agree not only that
the formula “(Vx)(Hx — Mx)” correctly represents the ordinary language
sentence “All men are mortal,” but that this sentence is true and acceptable as a
premise.

(3) Given a relatively formal representation of the premises and conclusion, and
agreement on the acceptability of the premises, the issue becomes that of whether
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there is a formal proof leading from those premises to that conclusion. But no one,
except perhaps in a class in formal logic, gives formal proofs. What one offers is a
more or less complete sketch of a formal proof—an indication of how (one thinks)
a formal proof could be constructed in a first order predicate logic.

(4) Formal logic represents a standard in an important way. Margaret and Theodolphus
are assured that if they can agree on a representation of the conclusion and the
premises, then they can come to agreement about whether Margaret’s argument is
compelling. If they cannot do this on the basis of her initial argument sketch, they
can consider a more detailed sketch; ultimately Margaret may be required to
provide an actual formal proof: a sequence of formulas of the language fragment,
each of which is a theorem of the first order logic, or a premise, or the result of
applying modus ponens to earlier formulas in the sequence. (For simplicity, we
assume a logic like Quine’s in which the only rule of inference is modus ponens.)

(5) All first order predicate logics? have the same theorems, and the inference from
premises to conclusion is valid, according to the deduction theorem, if and only if
the conditional whose antecedent is the conjunction of the premises and whose
consequent is the conclusion is a theorem. Therefore, the particular version of the
predicate logic employed is irrelevant.

Nevertheless, systems of logic like Quine’s Mathematical Logic have serious short-
comings, which are often reflected in the naive questions asked by beginning logic
students. A good argument is one that is both valid (the conclusion is true whenever
the premises are true) and sound (the premises are true, or at least acceptable in the
sense that we take them to be true). This means that the conclusion of a good argument
is true, or at least acceptable.

Most of the arguments we employ in communicating with our fellows are, strictly
speaking, invalid. Margaret asserts that the check will not be honored. The argument
is that there are insufficient funds in the bank. There are a lot of lacunae to be filled
in here: that the occasion in question falls on a certain date and time (next week there
might be sufficient funds); that it is the account the check is drawn on that lacks
sufficient funds. We can spell out what amounts to sufficiency in terms of the amount
for which the check is written and the amount in the corresponding account, etc.

But we will not achieve a valid argument until we incorporate the premise “The
bank will not honor any check drawn against insufficient funds.” If we include this
premise, the argument can (perhaps) be made valid; but we have still not shown it to
be sound, since now the premise may be untrue. It is true in general, of course. But
banks, even with computers, make errors. Theodolphus could conceivably walk up
to the teller’s window and cash the check with no difficulty.

Alternatively, we can replace this premise with a true one: The bank almost never
honors checks drawn against insufficient funds. Now the argument has acceptable
premises, but it is no longer valid. What “almost never” happens does happen on
(rare) occasions. It is possible for the premises to be true and the conclusion false.

2Strictly speaking, this is not true. Philosophers and mathematicians have raised objections to standard first
order logic, for example on grounds that it is committed to nonempty universes, that it is committed to exactly
two truth values, etc. Nevertheless, the resulting variants on first order logic are rare enough to be called deviant
and will be ignored for the time being.
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Here is another example: Theodolphus is amedical researcher, who has justisolated
a bacterium that causes pimples on the tails of mice. Margaret is curious as to how he
knows that he has done that. He offers the argument: The mice have been raised in a
sterile environment for many generations. They are standard experimental mice. All
and only those mice exposed to the bacterium in question develop pimples on their
tails, regardless of how their environments are varied otherwise. (Shades of Mill’s
methods!)

Filling out this argument would require spelling out many details, most of which
need not concern us. One detail that does concern us is this: We assume that a mouse
does not develop pimples on its tail for no reason—there is a “cause” of tail pimples.
More specifically, since this is a rather vague assertion, we take as a premise that the
cause of tail pimples is included among the variables that Theodolphus varied in his
experiments. (Mill’s principle of universal causation.)

This is clearly a substantive assumption, and one that could be false. That it could
be false does not mean that it is unacceptable. Before performing the experiments,
we might have had every reason to believe it to be true; we might have taken it to
be acceptable but uncertain. After the experiments, we might have had reason to
think it false: for example, if the experiments had not yielded a positive result, it
might have been natural to think that this substantive premise was false. Again, we
have an argument that can be rendered valid by the addition of premises, but those
added premises may render the argument unsound. What good is validity if, when an
argument has had its set of premises expanded to render it valid, it turns out to be no
longer sound?

The arguments that are of practical interest in real life are like these. If we insist on
validity, we must expand the set of premises to include many that are ordinarily left
implicit. When we do expand our set of premises enough to establish validity—to
make it impossible for the premises to be true and the conclusion false—we often
find that we have rendered soundness suspect. The premises that are needed to render
the formal analogues of our informal arguments valid are simply not premises that
we can in good conscience accept as true. If we demand premises that we can in good
conscience jointly affirm as true, it is rare that we can construct a valid argument with
an interesting conclusion. The world is too full of exceptions. Note that it is not a
matter of winking at a few exceptions: the premises required for validity, if there are
known to be exceptions to them, are simply, flatly false. That definitively undermines
the application of deductive logic to many areas in which we might imagine that it
could usefully be applied.

Consider a basic physical law—say that action and reaction are equal and opposite.
This entails that if two bodies exert forces F and G on each other, they will be equal
in magnitude and opposite in direction.

Let us measure the forces F and G. In general, the results of the measurements
of these forces will not be identical. It is easy to say why: the difference is due to
errors of measurement. But now we face a puzzle: The law of physics says nothing
about measurement; it talks about forces. What we observe, however, is the result
of measurement. There must be some connection, and of course there is. There is
a (fairly) well-established theory of errors of measurement that connects the values
of physical quantities, such as force, with the results of measuring them by specific
procedures. According to the classical theory of error, first established by Gauss,
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errors of measurement may be treated as characterized by statistical distributions.
Specifically, in many cases, including cases like that under discussion, the error is
assumed to have a normal, or Gaussian, distribution—the familiar bell-shaped curve.

Suppose we are testing some hypothesis H, according to which the force F is
double that of G. We measure F as 3.582, and G as 1.634. If we took our measurements
literally, we would have a deductive refutation of H. F is not twice G. But if we take
the possibility of errors of measurement seriously, we have at most an inductive or
uncertain argument against H. To have a deductive argument refuting H we would
need something like the following premise: If F is measured as 3.582, and G is
measured as 1.634, then F is not twice G. But whether or not this premise is acceptable
depends on the distribution of errors of measurement.

There are many arguments that we find perfectly persuasive that cannot be rendered
deductively valid even by the addition of premises that are possibly true. “Coin A has
just now yielded a hundred successive heads. Therefore, coin A is not a fair coin.” The
implied premise is that if a coin is fair, it doesn’t yield a hundred heads in succession.
But if fairness is interpreted in probabilistic terms, then that premise is flatly false:
Probability theory, with the usual assumptions about coins, actually entails that a fair
coin will yield a hundred successive heads on some (rare) occasions.

How much of ordinary argument is like this? That is, how much could only cor-
respond to valid inference if we were to add premises that we know to be false? It
is hard to give a quantitative answer, but it seems reasonable to suppose that it is a
significant amount.

This fact has led a number of writers to investigate ways of representing the
arguments and inferences that are not comfortably forced into the mold of classical
first order validity. There are two main directions in which we can go to accommodate
these inferences.

(1) One of them is to focus on invalid inference. That is, we could take for granted
ordinary logic, as captured by Mathematical Logic, for example, and worry mainly
about inferences in which the premises do not entail the alleged conclusion. This is
exactly to say that there may be some models in which the premises are true and
the conclusion false. One might look for plausible ways to exclude from
consideration the models that are not relevant, and thus be able to demand that the
conclusion hold in all the models that are relevant to the argument. We could bite
the bullet, take certain forms of argument to be both invalid and rationally
persuasive, and try to find principles characterizing those forms of argument. This
will be the thrust of the developments of Chapters 6 through 12.

(2) Another way to go is to build on classical first order logic in one of several ways.
We could adhere to the classical view of logic, but alter the objects of argument
and inference. Thus, we might take the objects of ordinary argument and inference
to be beliefs, or degrees of belief, and we might take their alteration in the light of
evidence to be a matter of quantitative change. In the example involving the coin,
we might say that the best representation of the argument would be in terms of
probability, rather than in terms of categorical assertions: we should conclude,
after the hundred heads, that the chance that the coin is fair is small, or even
negligible. (On this view we might have difficulty specifying what “fair” comes
to.) This development, associated with the mathematical treatment of probability,
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which has mainly occurred in the last few hundred years (after more than two
thousand years of the study of deductive logic), has become an important part of
our treatment of uncertain inference. These quantitative approaches to uncertain
inference, including probability and several other measures of uncertainty, will be
explored in the next three chapters.

There are many important and standard results in the theory of probability, some
of which will be developed in the next chapter. There have been several suggestions,
which we will explore in subsequent chapters, as to how to use this machinery, and
as to what it really means. In addition, there have been suggestions of alternative
mechanisms to take account of quantitative changes in our epistemic attitudes toward
statements. We shall also explore some of those.

2.7 Summary

First order logic, like most of its variants, is concerned with valid arguments—that
is, arguments whose conclusions are true whenever their premises are true. We will
take first order logic for granted, despite the fact that most arguments encountered in
the wild are either unsound (have false or unacceptable premises) or invalid (cannot
be represented by formally valid arguments). There are two directions in which to go
from here: We may focus on arguments that are rationally compelling, even though
they are invalid, and seek to explore their foundations. Alternatively, we may focus
on valid and sound arguments that concern, not facts in the world, but our beliefs;
the conclusions of such arguments are characterized in some quantitative way—for
example, by probability, or by some other measure of uncertainty.

2.8 Bibliographical Notes

There are many fine texts on mathematical logic; among them are [Enderton, 1972],
[Quine, 1951], [Mendelson, 19791, and [Eberle, 1996]. For getting some familiar-
ity with the process of doing formal logic, one of the best books is [Kalish &
Montague, 1964]. For a glimpse of a number of variations on classical logic, see
[Haack, 1996]. Modal logic receives a thorough treatment in [Hughes & Cresswell,
1996]; modal logic will be of concern mainly in our discussion of nonmonotonic
logics.

2.9 Exercises

(1) For each of the following arguments, either show that the conclusion holds in every
possible world (i.e., under every possible assignment of truth values) in which the
premises hold, or exhibit a possible world in which the premises are true and the
conclusion false:

(a) If Jane studies (S), she receives good grades (G). If she does not study, she
enjoys college (C). If she does not receive good grades, then she does not
enjoy college. Therefore, Jane studies.

(b) If Mary joins a sorority (J) and gives in to her inclinations (/), then her
social life will flourish (F'). If her social life flourishes, her academic life
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will suffer (A). Mary will give in to her inclinations, but her academic life
will not suffer. Therefore, she will not join a sorority.

(c) If Sam studies (S), then he receives good grades (G). If he does not study,
then he enjoys college (C). If he does not receive good grades, then he does
not enjoy college. Therefore, Sam enjoys college.

(d) If prices are high (P), then wages are high (W). Prices are high or there are
price controls (C). If there are price controls, there is not an inflation (/).
There is an inflation. Therefore, wages are high.

Let Q represent weak preference: Q(x y) means that x is preferred to y or that x and
y are equally preferable. Two natural axioms governing this relation are transitivity:

Vx y z(Q(x ) AQH 2) = Ok 2))

and completeness:

Vx y(Q(x y)Vv Oy x))

Give amodel of these axioms that shows that they are consistent, and a model that ren-
ders them both false. Show that Vx(Q(x x)) is true in every model of these axioms.

In the same system, define P(x y) by the additional axiom
Vx y(P(x y) < Q(x y)A—=0Q(y X))

Show that Vx y(P(x y) — —P(y x)) holds in every model of the axioms.

Give a model of the preference axioms in which Vx y 3z(Q(x z) A Q(z y))istrue,
and another in which the same sentence is false.

Show that from

Vx y(xoy=youx)
and
Vx y zxoz=yoz—>x=1y)
we can derive
Vx y z2(zox =zoy > x=1Y)

In the example of Section 2.3, it was observed that construing “mother of” as a func-
tion required that there be some closed cycle of motherhood. Suppose that there is a
domain D in which no such cycles exist. What can you say about the cardinality of D?

In the semantics of conventional first order logic, it is stipulated that a formula =
is satisfied in a model, under a variable assignment, just in case is not satisfied in
that model under that assignment. This amounts to the assumption that a sentence
is either true or false. This assumption has been objected to. Explore some possible
grounds for this objection, and consider various responses that might be made to
the objection.

Some people argue that standards of validity in logical argument are essentially
social, and reflect prevailing social standards. Thus, it is claimed, for example, that
standards of scientific evidence are determined by white, male practitioners of sci-
ence, and thus reflect their biases and interests rather than any abstract conception
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of rationality. Discuss this argument, and in particular discuss the standards being
invoked by those who make the argument.

) As a first step toward a logic that admits degrees of truth, suppose we assign the

values 0, %, and 1 to statements, where O corresponds to “false”, 1 corresponds to
“true”, and % represents an intermediate truth value. Carry on with this idea: if these
are the truth values, how should we assign truth to compound statements (negation,
conjunction, disjunction, the conditional) in such a way as to preserve classical logic
as far as statements having values of 0 and 1 are concerned? See what you can come

up with, and give reasons for your choices.
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3
The Probability Calculus

3.1 Introduction

The opposing football captains watch as the coin arcs, glinting, through the air before
landing on the turf at the referee’s feet. Heads. Whatchamacallit U. kicks off.

For thousands of years, people have depended on devices that yield outcomes
beyond the control of human agency; it has been a way of consulting the gods, or
the fates. For us, the point of tossing a coin to determine who kicks off is that the
outcome is a matter of chance. The probability of heads is one-half: The coin could,
with equal conformity to the laws of the physical world, have landed tails.

Typically, for probability, matters are not as simple as they seem. In ancient times
the outcome of chance events—the toss of a knucklebone or a coin—was often taken
to reveal the will of the gods. Even today many people take the outcome of a chance
event, at least if they have wagered on it, to be a matter of “luck,” where luck plays
the role of the old gods, and can be cajoled, sacrificed to, encouraged with crossed
fingers and rabbit’s feet. In most cases, however, chance events are understood to be
outside of human control, and to yield the outcomes they yield in accord with the
laws of probability.

The early probabilists (Pascal, Fermat, the Bernoullis, and Laplace) believed in
a deterministic world in which chance events did not really exist. Our belief in any
chance event (say the outcome of the toss of a six-sided die) is less than certain only
as a consequence of the limitations of our knowledge. I do not know whether the next
card to be dealt to me will be a heart—even though it is predetermined, given the
present order of the deck, to be a heart or not to be a heart. Were we to play with the
deck turned over, so that all of the cards could be read, we would have no problem
in our decision procedure. The urge to gamble would also be frustrated.

This deterministic view can be seen explicitly in the work of Laplace [Laplace,
1951, p. 41

Given for one instant an intelligence which could comprehend all the forces by which nature
is animated and the respective situation of the beings who compose it—an intelligence
sufficiently vast to submit these data to analysis—it would embrace in the same formula
the movements of the greatest bodies of the universe and those of the lightest atom; for it,
nothing would be uncertain and the future, as the past, would be present to its eyes.

42
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Unfortunately (or perhaps fortunately), in poker, as in life, we do not have the
cards showing and are cast into ignorance and uncertainty.

The classicalists sought to develop a formal system for manipulating the uncer-
tainties concerning the outcomes of chance events. Such a system was to provide a set
of rules and criteria for making rational inferences under conditions of uncertainty.

One part of this program was the development of what we now call the probability
calculus. The probability calculus is often held to begin with the correspondence of
1654 between Blaise Pascal and Pierre de Fermat, as mentioned in Chapter 1. Like
the developers of other parts of mathematics at the time, the early probabilists devel-
oped the probability calculus in response to real world problems. The mathematics
therefore required a real world interpretation—something to tell the user what could
be put into the calculus, and to help the user to interpret the results provided by the
calculus.

There are currently several interpretations of the probability calculus, and we will
discuss some of them in Chapter 4. But the original interpretation of the probability
calculus is what is now called the classical interpretation. The basic formulation of
the classical interpretation (usually attributed to Laplace) is:

The probability of an outcome is the ratio of favorable cases to the total number of equally
possible cases.

The rule is straightforward in some applications. There are six ways in which a
die can land; these “ways” are equally possible; dice are manufactured to make this
true; the probability of an odd number showing uppermost is therefore the ratio of
the number of favorable cases (3) to the total number of cases (6), or %

But in other cases, the definition is somewhat problematic. Whereas it states what
the probability of an outcome is, given the equipossible cases, it does not tell us what
the equipossible cases are. The classical probabilists were aware of this problem and
attempted to address it by positing the following principle, which we will call the
principle of indifference:

The elements of a set of outcomes are equally possible if we have no reason to prefer one
of them to any other.

As we shall see, there are overwhelming difficulties with this principle if we take
it generally and attempt to apply it broadly. Nevertheless, in the context of games
of chance and other examples in which the basic cases are clearly defined, and are
intuitively equipossible or equiprobable, the principle can have heuristic value. “Take
a card, any card. Good. Now there are two possible cases: You got the ace of spades,
or you got some other card. Two cases of which one is favorable: the probability
that you got the ace of spades is a half, right?” Wrong. Those two cases are not
equipossible: the cases in drawing a card are fifty-two. These are the equipossible
cases, and only one of the fifty-two corresponds to having gotten the ace of spades.
The probability is .

An important feature of any attempt to calculate the probability of an event (on the
basis of this definition) is the ability to calculate both the total number of outcomes
and the number of favorable outcomes. One method of doing so is based on the
theory of combinations and permutations—combinatorics. The theory of combina-
torics was familiar to the classical probabilists. The second part of Jacob Bernoulli’s
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Ars Conjectandi [Bernoulli, 1713] provided a development and description of the
(then) current state of the theory of combinatorics.

3.2 Elementary Probability

Although probability theory is a deep, rich, and beautiful part of our mathematics,
and it would be quite unreasonable to expect to achieve a thorough grasp of it as a side
effect of studying uncertain inference, there are a number of parts of the theory that
are both essential to the discussion of uncertain inference, and quite straightforward
and simple.

One part is the theory of combinations and permutations. Again, there is a rich
mathematical literature on these topics; but we shall need only the most elementary
considerations.

3.2.1 Combinations and Permutations

A permutation of a set is an ordering of that set (called a sequence). We may represent
the set containing the first two integers by either {1, 2} or {2, 1}. We can use both
representations interchangeably because they represent precisely the same set. When
we are working with sets we are not concerned with the order of a set’s elements, but
when we are working with permutations the order of the elements is important. The
order of the elements of a permutation is one of the characteristics, which is used
to distinguish one permutation from another. The permutation (1, 2) differs from the
permutation (2, 1) precisely because the order of the elements is different.

The number of permutations of a finite set depends only on the number of elements
in the set. If there are n elements in the set, there are n ways of choosing the first
element of the permutation. There are then n — 1 ways of choosing the second element,
n — 2 ways of choosing the third, etc. When we have chosen the first n — 1 elements
of our permutation, there is only one way of choosing the last element. The number
of permutations of a set containing »n elements is thus

nxm—1)xm—-2)x --- x2x1=n!

The expression “n!” is pronounced “n-factorial”, and may be inductively defined as
follows:

Definition 3.1.

ol=1
I'=1
nl=nxm-1)

Example 3.1. How many ways are there to order the set {a, b, c}?

There are three elements in this set. When we ask for the number of ways of ordering a
given set we are asking for the number of permutations of that set. In this case, n = 3 and
3! = (3)(2)(1) = 6. There are six ways to order this set.

The primary value of being able to calculate the number of permutations in a set
is that it is useful in calculating combinations: the number of ways of choosing m out
of n objects. How many ways are there of choosing four out of 10 objects? One way
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to figure this out is to imagine the 10 objects laid out in a line. There are 10! ways
of doing this. If we take the four leftmost objects to be those chosen, and the six
remaining ones to be those not chosen, each permutation gives rise to a selection of
four objects from the ten. These are not all distinct, however. The permutation that
begins (a, b, ¢, d, e, .. .) gives us the same set of four chosen objects as the permutation
that begins (b, a, d, ¢, f, ...). The number of ways of choosing four items out of ten
is 10! divided by 4! (because the order of the items selected doesn’t matter) divided
by 6! (because the order of the items not selected doesn’t matter either).
In general, the number of ways of choosing m objects out of n is

n! n
mlin —m)!  \m)’
The expression (") is pronounced “n choose m” and is sometimes written “"C,,”

372l R
or “C,".

Example 3.2. Let us compare the number of ways of getting five heads out of ten tosses
of a coin with the number of ways of getting two heads out of ten tosses of a coin. The
former is (]50) = 252; the latter is (]20 ) = 45. Note that there are many more ways of getting
five heads than of getting two heads.

Example 3.3. A poker hand is a set of five playing cards drawn or dealt from a standard
deck of 52 playing cards.

(8) Find the number of distinct poker hands.

How many ways are there of choosing five from 52 cards?

= = 2,598,960.
5

<52>_52x51x50x49x48
5!

(b) What proportion of poker hands consist of five cards all of the same suit?

The number of poker hands consisting of five spades is (153); the number consisting of
five hearts is (153); etc. Thus, the number of poker hands consisting of five cards all of the

same suit is 4 x (13

P ), or 5148, and the proportion is

5148

—— =0.00198.
2598960

The reason combinatorics is so useful in the probability calculus is that it provides
arapid and easy way of counting cases. When we are unsure of how to use the method
of combinatorics to calculate the probability of an event, we can use any method that
provides accurate counts of the number of successful outcomes and the total number
of outcomes. As an example, we provide Fermat’s solution to the problem of points.

Example 3.4. Two players of equal ability are unable to continue a tournament. The
first player needs two games to win and the second player needs three. How do we divide
the prize money?

Fermat’s solution is as follows: There are at most four games to be played before one
of the players is guaranteed to win. Count up the number of ways player I can win, and

!This was one of the problems posed by the Chevalier de Mére that sparked the interest of Blaise Pascal and
Pierre de Fermat in the seventeenth century.
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divide by the total number of outcomes of the four games needed to be played. Because
there are four games, each of which has two possible outcomes, the total number of out-
comes is 2* = 16. The following table represents the possible outcomes. We denote a win
for player 1 by a W, and a loss for player 1 (which corresponds to a win for player 2)
byan L:

Outcome
Game 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 w w w w W W W L L L L L W L L L
2 w w w W L L L L w w W W L L L L
3 w W L L w w L W W W L L L W L L
4 w L W L W L W W W L W L L L W L

From this table it is easy to see that outcomes 1-11 are favorable to player 1. Thus, player 1
has an % chance of winning. Fermat contends that we should divide the prize money
according to each player’s chance of winning. Therefore, player 1 gets % of the prize
money and player 2 gets %.

There is one basic difficulty with this solution. What do we count as a case? Some
of these “cases” cannot occur. For example, since player 1 only needs two games
to win, the first and second cases come to the same thing. If player 1 wins the first
two games, the third and fourth games will never be played. If a case is a completed
tournament, then the first four outcomes could be construed as a single case. This is a
result of the fact that after playing two games, where player 1 won both, there would
be no need to continue playing. The first four outcomes would not be distinguished
from each other because games 3 and 4 would never get played. Based on such
reasoning we would get the following table:

Outcome
Game 1 2 3 3 5 6 7 8 9 10
1 w w W W L L L L L L
2 W L L L wW W W L L L
3 w L L w L L w W L
4 W L w L W L

According to this table player 1 wins in outcomes 1,2, 3,5, 6, 8, giving him a %
chance of winning the tournament. According to this view of what counts as a case,
we should divide the stakes by giving % of the stake to player 1 and % of the stake
to player 2.

What is the matter with this solution? We have counted cases, and counted fa-
vorable cases, and divided the latter by the former. But we have neglected the subtle
“equipossible” in the classical definition. These 10 cases cannot plausibly be regarded
as equipossible.

Why not? Because it is natural to suppose, given the description of the circum-
stances, that (a) each player has the same chance of winning a game, and (b) that
chance remains the same, whatever has happened on the preceding game. This
analysis renders the cases of the first table equipossible, but the cases of the sec-
ond table are not equipossible. For example, in the second table the first case has a ;
chance of occurring, while the third has only a % chance of occurring.
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In effect, the classical interpretation of probability can provide us with answers to
a wide range of problems provided that we have an accurate method for enumerating
the total number of outcomes and the total number of successful outcomes, and
provided that we are careful to ensure that the outcomes are equipossible. As a
definition of probability, however, the classical view is clearly defective: The only
way to characterize equipossibility is in terms of probability (or chance, or some
other synonym of probability), as we just did in the problem of points.

3.2.2 The Probability Calculus

In this section, we will provide a brief introduction to the probability calculus. We
use set-theoretical notation for our axioms, theorems, and definitions. We consider
probability to be a function from events to the real numbers in the closed interval
[0,1]. Nothing profound should be imputed to the term “events”. We have taken the
domain of the probability function to consist of events because it is traditional and
because events can be given the appropriate structure. (We could take the domain to
be lottery tickets, outcomes of experiments, measurements, etc.) The domain of the
probability function is called the sample space.

A sample space S is a set of individual objects or events: the tosses of a coin,
the balls in an urn, the recruits in an army at a certain time, telephone calls received
by a switchboard, the sentences of a language, propositions, worlds, etc. Probability
is relative to a sample space. The mathematical properties of probability are very
simple: it is a function, defined on a field of subsets of the sample space, that (a) is
additive and (b) has a range equal to the closed interval [0, 1].

Whereas this characterization of probability is very simple, it may not be very
enlightening. In particular, it is not a definition of probability, because it does not
specify how the value of the probability function for a given argument (set of elements
in the field of subsets of S) is determined. For that matter, we have not specified how
the field of subsets of S is determined. Both of these are nontrivial philosophical
issues; we will explore some of the possible suggestions in the next chapter.

Let us begin at the beginning. A field of subsets of S is a set F of subsets of S
closed under union and complementation. That is, it satisfies the following simple
axioms:

Axiom 3.1. ¥ € F.

Axiom3.2. Ac F - Ac F.

Axiom33. Ac FABeF - AUBecF.

Of course, this means that F is closed under intersection as well:

Theorem 3.1. Ac FABeF — ANBekF.

Proof- AN B = AU B. [ ]
In such a structure the axioms for probability are equally simple:
Axiom 3.4 (Total Probability). P(S) = 1.

Axiom 3.5 (Nonnegativity). A € F — P(A) > 0.
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Axiom 3.6 (Additivity).
A, Be FAANB =0 — P(AU B) =P(A) + P(B).

For some writers, this is the proper axiomatization of probability; probabilities
satisfying only these axioms are “finitely additive” probability measures. The grounds
for this nomenclature are given by the following theorem:

Theorem 3.2.
VY1 <i<n—> A e )ANDVHi#]—> ANA =0)

— P (L_Jl A,-) = Z;P(Ai).

Surprisingly, however, there are circumstances in which we would like to be able
to consider the union of infinitely many sets. For example, we might be interested in
the probability that the first head in a series of coin tosses will occur on the nth toss.
It strikes many as implausible to impose any finite bound on n. (Of course, it also
strikes many as implausible to consider an infinite sequence of tosses.)

How can we handle this case? Let FH,, be the event of the coin landing heads for
the first time on the nth toss. A natural probability value for this is (%)", since the coin
will land heads for the first time on the nth toss only if it lands tails on each of the
first n — 1 tosses, and heads on the nth toss. A consequence is that for any finite n,
Y., P(FH)) < 1.

In order to satisfy the axiom of total probability, we must consider the infinite sum
Y 2, P(FH;) = 1. This in turn requires that the field F be closed under countable
unions. Such a structure is called a o-field. We say that F is a o-field if it is a field
(satisfies Axioms 3.1-3.3) and in addition it satisfies the condition that the union of
any countable set of its members is also a member of it.

Axiom 3.7. (Vi)(A; € F) — U2, A; € F.

We must then also strengthen the third axiom for probability: We must say that if
we have a set of pairwise disjoint subsets of S, the probability of their union is the
(infinite) sum of their probabilities.

Axiom 3.8 (Countable Additivity).

VOV)(AL Aj e NG #j— ANA; =0) — P <U A,-) = > P(A).
i=1 i=1

These axioms provide us with relations among probabilities, but they do not tell
us how to assign values to the probabilities of particular events (except for the event
S and the event ¥). To guide our intuitions, we may think of P(A) as the ratio of the
number of objects of type A to the number of all objects in S. This only makes sense
if the sample space S is finite, but as a guide to intuition it will not generally lead us
astray.

Example 3.5. Imagine that we have an urn which contains five red chips, three blue
chips, and two green chips. Let C be the set of all chips, and let R, B, and G stand for the
set of red chips, the set of blue chips, and the set of green chips, respectively.



ELEMENTARY PROBABILITY 49

The field underlying our algebra consists of the sets C, R, G, B, RU G = B,RUB =
G, G U B = R, and, of course, ) = C.

The intended probability measure is clearly given by P(G) = 0.2, P(R) = 0.5, and
P(B) = 0.3. Note that P(G U B) = 0.5; why?

Of course, the fact that half the chips in the urn are red does not at all guarantee
that half of the draws of chips will result in a red chip. If it is the case that draws from
the urn of Example 3.5 are, in the long run, 60% red, 10% blue, and 30% green, we
can take account of this in our model.

Example 3.6. Let D be the set of draws from the urn of the previous example; let DR
be the set of red chips drawn, DG the set of green chips drawn, and DB the set of blue chips
drawn. We would assign probabilities P(DR) = 0.6, P(DG) = 0.3, and P(DB) = 0.1.

These two examples illustrate two important ways of thinking of probability. One
insight is based on the image of drawing balls from an urn. The proportion of each
kind of ball is known, and the story is told in such a way that it is plausible to suppose
that each ball has the same chance of being drawn. If we consider several draws, there
are two alternatives: the balls are drawn by replacing each ball as it is drawn, mixing
the contents of the urn, and drawing again. The draws are independent—a concept
we shall explain shortly. Alternatively, the balls are not replaced, and each draw alters
the proportions in the urn; but it does so in a determinate and known way. This image
is a nice one, because, under either alternative, the cases are well understood, and
they remain finite and easy to count.

The other insight is based on rolls of a die, or flips of a coin. In this way of looking
at things, the basic condition is that one toss or flip should not influence the next: the
sequences are characterized by independence. Having flipped a coin, there is no way
in which the flip can be returned to the set of flips. Hence there is no way in which
we can reflect the kind of dependence we can reflect in the urn image.

These are simply two aids to the imagination. Each can serve the function of the
other: to emulate flips of a coin, you can consider an urn with two balls, and draws
(designed to ensure that each ball has the same chance of being selected) that are
made with replacement, so that each is made from an urn with the same contents. To
emulate draws without replacement from an urn containing six distinct balls, you can
consider tosses of a die, and simply disregard outcomes that have already occurred.
Each image is more useful to some people, less useful to others. They are both to be
thought about only if they are useful.

3.2.3 Elementary Theorems

There are a number of elementary theorems that will be useful for our investigations
into uncertain inference.

Theorem 3.3. P(A) = 1 — P(A).

Theorem 3.4. P(4) = P(AN B) + P(A N B).

Theorem 3.5 (General Addition Theorem).
P(AUB)="P(A)+P(B) —P(AN B).
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Theorem 3.6 (Theorem of Total Probability).

n n
(Vi)(Vj)(i #j—> B NB =0 B = S) — P(A) =Y _P(ANB;).
i=1 i=1

Example 3.7. To illustrate these theorems, consider an urn containing triangular (T)
and square (S) chips that are colored red (R), green (G ), and blue ( B). The following table
gives the number of each. Note that we provide the number of each kind of chip answering
to a most detailed specification. This is essential to the characterization of a probability
function if we are to be concerned with both shape and color. (If we were just concerned
with color, we could take the field that is the domain of P to be {#, T, S, T U S}.)

Type  Number  Probability

SNR 10 0.10
SNG 15 0.15
SNB 20 0.20
TNR 20 0.20
TNnG 30 0.30
TNB 5 0.05

To illustrate the first theorem, we note that the probability of T N Ris 1 — P(T N R) =
0.80. To illustrate the second theorem, we note that the probability of R is P(RNT) +
P(RNT)=P(RNT)+ P(RNS). Finally, we note that the probability of a red or trian-
gular chip is P(RUT) =P(R)+ P(T)— P(RNT) = 0.65.

3.3 Conditional Probability

In the examples and explanations we have provided so far, we have not worried
much about what it means for an event to happen and what impact that event, or our
knowledge of that event, has on our sample space. Once we have drawn the chip from
the urn then what? Do we return it to the urn (called drawing with replacement) or do
we keep it out of the urn (called drawing without replacement)? What is the impact
of drawing with and without replacement?

Given an urn which has 100 chips in it of which 14 are blue, assuming that prob-
ability is determined by the proportion in the urn, what happens to the probabilities
if we assume that we have previously drawn a blue chip?

Initially the probability of drawing a blue chip was . If we draw a chip and then
return it to the urn, we have no effect upon the probability of drawing a blue chip,
since the contents of the urn are still the same. P(B,) will still be %, where B, is the
set of pairs of draws in which the second chip is blue.

If we draw a chip and do not return it to the urn, we shall affect the sample
space appropriate to the next draw (i.e., the chips in the urn) and consequently the
probability of drawing a blue chip. If the first chip was blue, then P(B,) = &. If the
first chip was not blue, then P(B,) = 4.

What has happened is that the occurrence of one event (or the knowledge that that
event has occurred) has had an effect on the probability of another event. When
we seek to calculate the probability of one event occurring, given that another
event has occurred, we are seeking to calculate the conditional probability of that
event.
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Suppose that the original sample space for one draw of a chip is C. It is natural
to consider C? = C x C as the appropriate space for the draw of two chips. Relative
to this sample space, the appropriate reference class determining the probability that
the first chip is blue is {{x, y) : C(x)}. The appropriate reference class determining the
probability that the second chip is blue is {(x, y) : C(y)}. These subsets of C? of course
have the same cardinality: they are the same size. These subsets are appropriate for
determining probabilities when we are drawing two chips with replacement.

When we are drawing chips without replacement the appropriate subset of C?
for determining the probability that the second chip is blue is not {(x, y):C(y)},
but {(x, y): B(x) A C(y)} if the first chip is blue, and {(x, y) : B(x) A C(y)} if the first
chip is not blue. These two sets have different cardinalities and lead to different
proportions.

When we calculate the probability of B(y) given B(x)—represented symbolically
by P(B(y)|B(x))—we are using B(x) to restrict or alter the sample space over which
our probabilities are calculated. In the case of drawing from an urn without replace-
ment, the sample space is reduced.

Example 3.8. Suppose there are five chips in the urn, and that three of them are blue.
The set of pairs of chips has 25 members, and this would be the right reference class for
draws with replacement. But draws without replacement exclude the possibility of getting
the same chip twice, so that there are only 20 possibilities. Among these, given that the first

1

chip is blue, only % = 5 are draws in which the second chip is also blue. Of course, this is

symmetrical: Given that the second chip is blue, the probability that the first chip is blue is %

3.3.1 The Axiom of Conditional Probability

Often the conditional probability function, P(B|A), is introduced by a “definition” of
the form: If P(A) > 0, then P(B|A) = P(A N B)/P(A). This is not a logically adequate
definition, since a proper definition, in logical terms, always allows the replacement
of the defined term by the expression defining it in all contexts. What we must do is
to think of the conditional probability function, P(B|A) as a primitive expression. It
satisfies the axiom:

Axiom 3.9. P(A N B) = P(A)YP(B|A).

From a logical point of view, it is most elegant to take the single primitive locution
as P(A|B), and to interpret P(A) as P(A[S), where S is the entire sample space.
Axioms 3.4 to 3.9 are then taken to apply to P(A[S). This approach leaves open the
question of what you say when P(B) = 0, and that can be useful philosophically,
as we shall see in the next chapter. Among those who have taken advantage of the
flexibility that this approach allows are Karl Popper [Popper, 1959], Hugues Leblanc
[Leblanc & Morgan, 19831, and Charles Morgan [Morgan, 1998].

The most important aspect of conditional probability is given by Axiom 3.9: it
allows us to calculate the probability of the intersection (or meet) of two elements
of the field of subsets of the sample space S that constitutes the domain of the
probability function. It also allows us to define a concept that is very important in
many applications of probability, independence.
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We say that two elements A and B in the domain of the probability function P
are independent under P, provided that the probability of A N B is the same as the
probability of A multiplied by the probability of B:

Definition 3.2. Indp(A, B) if and only if P(A N B) = P(A)P(B).
Indp(Ay, ..., Ay ifand only if VI C {1, ..., n})([1;c; P(A) = P(ic; Ai))-

Note that A is independent of B if and only if B is independent of A. Independence
is symmetrical.

Example 3.9. Suppose that the contents of a 100 chip urn conform to the data in the
table in Example 3.7.

(8) If we draw a green chip, what is the probability that it is also triangular? That is,
what is the value of P(T|G)?

P(G)=045.P(GNT)=0.30. P(T|G)=P(T NG)/P(G)=0.67.

(b) If we have drawn a square blue chip without replacement and then draw a green
chip, what is the probability that the chip is also square ?

P(G) = g, PSNG) = % P(SIG) = 1—2

A large class of examples that are useful to contemplate in understanding proba-
bility is drawn from gambling apparatus: roulette wheels, dice, cards, and the like. An
important aspect of such devices is repeatability: a coin or a die (even a biased die)
can be tossed over and over again, and will be characterized by the same probabilities
of outcomes on each toss. This is just to say that the trials or tosses are independent.

Now there is clearly no way of putting a toss of a coin back into its reference set
so that it can be made again. There is, thus, another reason for taking the sample
space representing the outcomes of a gambling system to be infinite. When a die is
rolled and yields a one, that does not decrease the size of the set of ones in the sample
space relative to the set of threes. Having got a one on the first toss, the probability
of getting a three on the second toss is still ;; it has not increased.

The use of infinite sample spaces represents an idealization: no one supposes that
an infinite number of tosses will be made with a particular die, or even with any die.
The statistical behavior of dice conforms nicely to the statistical model, and that’s all
we need be concerned with. Independence is a key notion in these models.

Example 3.10. If we are tossing a six-sided die:

(@) What is the probability that the side which lands face up is less than 4, given that
the value of that face is odd ?

Let L4 stand for the die landing with a face up having a value less than 4. Let O stand
for a face up having an odd-numbered value. P(O) = %. PL4NO)= %. PL4|0) = %

(b) What is the probability that the side which lands face up is less than 4, given that
the previous toss yielded an odd value?

Let O stand for the odd outcome of the first toss, and L4 the outcome of the second toss
being less than 4. Because the tosses are regarded as independent, P(L4|0) = P(L4) = %
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We may state the following elementary theorems concerning conditional
probability.

Theorem 3.7. If A is independent of B, then B is independent of A, A is independent
of B, and B is independent of A.

Theorem 3.8. If P(B) > 0, then A is independent of B if and only if P(A|B) = P(A).

Theorem 3.9. If P(A) > 0, then P(B|A) is a probability function defined on the field
of sets in S — A, where S is the universal set of the original field of sets.

3.3.2 Bayes’ Theorem

Bayes’ theorem is an elementary theorem involving conditional probability. It has
been thought to solve all the problems of uncertain inference, and like any other uni-
versal solvent has been the focus of considerable controversy, which we will look at in
a later chapter. Its significance depends on how we interpret probability. Note that its
validity as a theorem is completely independent of how we interpret probability—a
topic to be covered in Chapter 4—just as the validity of our other theorems depends
only on the formal properties of probability, and not at all on what probability means.

Theorem 3.10 (Bayes’ Theorem).

P(HI|E) = P(H)YP(E|H) _ P(H)P(Elﬁ) _
P(E) P(H)YP(E|H) +P(H)YP(E|H)
Proof: P(HNE)=P(H)P(E|H) = P(EYP(H|E). ]

The letters “H” and “E” are used suggestively to bring to mind “hypothesis” and
“evidence”. In induction we may be interested in the probability of a hypothesis given
some evidence. Bayes’ theorem, even in this simple form, is suggestive. It captures
some intuitions: How probable the hypothesis is depends on how probable it was
before the evidence was collected. The less probable the evidence, given the falsity
of the hypothesis, the more impact the evidence has.

It shows that we can compute the probability of a hypothesis, given some evidence,
if (a) we can compute the probability of the evidence given the hypothesis, (b) we
can compute the probability of the evidence given the denial of the hypothesis, and
(c) we have a probability for the hypothesis.

In cases in which the hypothesis entails the evidence, P(E|H) = 1, so that the
theorem boils down to

B P(H)
 P(H)+ (1 —PH)PE|H)

Often, when the hypothesis H is a statistical hypothesis, P(E|H), called the likelihood
of E, is a quantity that people can agree on.

We will explore these connections later.

For the present, we should note that not only is Bayes’ theorem a straightforward
theorem of the probability calculus, but that it has applications that are quite uncon-
troversial whatever interpretation of probability we adopt. The following theorem
slightly generalizes Theorem 3.10.

P(H|E)
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Theorem 3.11. Let By, B,, ..., B, partition the sample space S (i.e., their union is
equal to the sample space, and they are disjoint). Then

P(B))P(E|B;)
Y -1 P(B)YP(E|B;)

P(Bi|E) =

Example 3.11. Suppose that in a certain lab in the hematology department of a major
hospital there are three technicians who prepare 17%, 39%, and 44% of the tissue plas-
minogen activator (TPA—a thrombolytic agent that helps dissolve blood clots); call the
technicians Ms. Jones, Mr. Smith, and Ms. Cardano respectively. Let us say that 0.010%,
0.003%, and 0.006%, respectively, of the TPA they make is faulty. If a batch of TPA comes
in, and it is faulty, what is the probability that it was prepared by Mr. Smith?

The sample space consists of ordered pairs: a technician paired with a batch of TPA.
Let By be the set of pairs in which the technician is Ms. Jones, B; the set of pairs in which
the technician is Mr. Smith, and Bj the set of pairs in which the technician is Ms. Cardano.
Bi, By, and Bj constitute a partition of the sample space, By accounting for 17% of it, B,
for 39% of it, and Bs for 44% of it. Let the set of pairs in which the sample is faulty be D.
Within By, 0.010% of the TPA is faulty, and similarly for the other subsets of the sample
space.

We may now calculate simply in accord with Theorem 3.11:

P(B2)P(D|B>)

. =0.2123.
PBID) = 5 g S P(DIBY) + P(Ba)P(DIBy) + PP (DB ~ 212

3.4 Probability Distributions

A random quantity, often called a “random variable,” is a function from a sample
space to real numbers.? For example, in a sample space representing the outcomes
of the throw of a single die, the random quantity N, the number of dots on top, is a
function that gives, for each member of the sample space (i.e., each possible roll of
the die), the number of spots uppermost when the die comes to rest. It has six values,
corresponding to the six sides of the die. If the sample space consists of army recruits
at a certain time, the weight in pounds, W, of a recruit is a random quantity: For each
element in the sample space (each recruit) the value of the random quantity is the
weight in pounds of that recruit. Other quantities are “length of,” “number of siblings
of,” etc. We may also have vector valued quantities: “(length, width),” for example,
defined over a space of rectangles.

A random quantity yields a partition of the sample space. If there are a finite or
countable number of values of the random quantity, we can associate with each value
of the quantity a probability: the probability associated with that subset of the sample
space. Thus, in the case of a sample space corresponding to the roll of a die, the
relevant random quantity will have six possible values, {1, 2, 3, 4, 5, 6}. The subset of
the sample space for which the value of the random quantity N is 1 is just the set of
rolls that yield that number of spots uppermost.

This leads to the temptation to replace the sample space by the minimum space
that supports the probability we want to discuss. In the case of dice, rather than

20r some other set; for example, a set of properties like {red, white, blue}; of course, these can be coded as
real numbers.
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Table 3.1: Frequency table for dice

Sum Probability
2 0.0278
3 0.0556
4 0.0833
5 0.1111
6 0.1389
7 0.1667
8 0.1389
9 0.1111

10 0.0833
11 0.0556
12 0.0278

individual rolls, we could adopt a space each of whose points is an equivalence class
of points in our original space based on the number of dots showing. This is a natural
temptation to succumb to, and only has the drawback that when we wish to consider
a different random quantity we may have to consider a different sample space even
if the underlying set of events is exactly the same. It also has the drawback that it
is hard to associate the probability of a subset of the sample space with its relative
cardinality, for example for a biased die.

It should be clear that any real-valued function of random quantities is a random
quantity. If X and Y are random quantities, soareaX + b, X + Y, XY, X?, X, sin X, etc.

3.4.1 Frequency Functions and Distribution Functions

A frequency function fy gives, for each x, the probability that a member y of the
sample space has the value x. Thus, in the case of the normal die, the value of fy(x)
is é ifx € {1,2,3,4,5, 6}, and 0 otherwise. The frequency function gives us the same
information as the original probability function.

Example 3.12. If the event is the tossing of two dice and we are concerned with the
probability of the outcomes of the occurrence of the sum of the dots showing (2, ..., 12),
we can represent this information (for a normal die) in Table 3.1. It can also be represented
by a graph, as in Figure 3.1.

0.175
0.15
0.125
0.1
0. 075
0. 05 ¢ ¢
0. 025 ° °

2 4 6 8 10 12
Figure 3.1: Frequency function for dice.



56 THE PROBABILITY CALCULUS

Table 3.2: Distribution function for

dice
Sum Probability
2 0.0278
3 0.0833
4 0.1667
5 0.2778
6 0.4167
7 0.5833
8 0.7222
9 0.8333
10 0.9167
11 0.9722
12 1.000

A distribution function, Fy(x), gives for each x the probability that a member of the
sample space has a value less than or equal to x. A distribution function also tells us
the way in which the available supply of probability is “spread out” over the various
possible outcomes. A distribution may be represented as a table or as a graph. The
graph offers the possibility of dealing with continuous distributions, which cannot be
represented as a table.

Example 3.13. The rolls of the two dice of the previous example can be characterized
by a distribution function, given in a table (Table 3.2), or in a graph (Figure 3.2).

The random quantities that arise in gambling apparatus are discrete; but we can
also consider random quantities that are continuous. For example, we can consider
choosing a point at random from the unit line, or consider the distribution of weights
among a hypothetical infinite population of army recruits to allow every real-valued
weight between the minimum and maximum weight allowable for recruits. Such
random quantities offer the advantages that are often offered by the transition from
the discrete to the continuous: We don’t have to worry about choosing a granularity,
mathematically continuous functions are often easier to specify than discontinuous
functions, and so on.

0.4t

0.2}

2 4 6 8 10 12
Figure 3.2: Distribution function for dice.
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Example 3.14. Consider a testing apparatus for fishing line. A 2 meter length of the
line is inserted into the machine, and the line is put under tension. The tension is increased
until the line breaks. The number X represents the distance from the left hand end at which
the line breaks. Thus, X can have any value from 0.0 to 2.0 meters (we ignore stretch).
The sample space consists of an arbitrarily large set of trials of this apparatus. A natural
assumption, for good line, is that the breaking point is as likely to be at any one point as
at any other point, or, more constructively, that the likelihood that the line breaks in any
interval is proportional to the length of the interval. Thus, the probability that X is less than
or equal to the real number x is O if x is less than 0, is 1.0 if x is greater than 2, and is x /2
if x is between 0 and 2.

Because there are an uncountable number of points at which the line may break—
representing every real number between 0.00 and 2.00—this probability distribution cannot
be represented by a table. The distribution function—a function of real values x that gives
the probability that an outcome will produce a value of X less than or equal to x—can be
given. Indeed, Fx(x), the probability that the string will break at a point whose coordinate
is less than or equal to x, is given by x /2 in the relevant region:

0 if x<0
Fx(x)=13x/2 if 0<x<2
1 if x>2

For example, the probability that the line breaks at a point to the left of the point marked
0.84 is 0.42; the probability that it breaks at a point to the left of the point marked 1.64 is
0.82. Note that intuitively the probability that the line breaks at exactly the point marked
0.42 is 0.0. This distribution is easily represented by the graph of Figure 3.3.

In the case of a continuous distribution, as we have just observed, the probability
that the random quantity X takes on any particular value is 0.0. There is thus no
frequency function that can represent the probability. But just as in the case of a
discrete probability function the value of the distribution function at the point x can
be represented as the sum of the probabilities of all the possible values of X < x, so
we may consider a function whose infegral over all possible values of X < x is Fx(x):

Fx(x)=/ fx(x)dx

1} Fy(x)

-1 0 1 2 3

Figure 3.3: Fishing line distribution function.
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Figure 3.4: Fishing line density function.

The function fx with this property is called a density function corresponding to the
distribution function Fy.

Example 3.15. In Example 3.14, the distribution function was continuous. The corre-
sponding density function, illustrated in Figure 3.4, is

0 if x<0O
fx(x)=1305 if 0<x<2
0 if x>2

Note that f_lfj fx(x)dx = 0.82, as required.

Let us review all of this new terminology.

It is convenient to characterize probabilities with the help of random quantities.

Random quantities will be denoted by uppercase italic letters, like X, usually from
the end of the alphabet.

A distribution function for a random quantity X is given by a function Fy whose
value for an argument x, Fx(x), is the probability that the quantity X will take on a
value less than or equal to x. This is the probability associated with that subset of the
sample space characterized by a value of X less than or equal to x.

Distributions come in two kinds: discrete and continuous.

If Fx is a discrete distribution, there is another discrete function fy, called the
frequency function corresponding to Fy. It has the property that for every
real x,

Fx(x) =Y fx(») =P(X < x).
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Note that there can only be a finite or countable number of values of y for which
fx(y) is other than 0.

A continuous distribution has a continuum of possible values. If Fx is a continuous
distribution, there is another function fy, called the density function corresponding
to Fy, with the property that

Fx(x) = / " fedx = PX < ).

Note particularly that fy(x) is not a probability in this case. A density function is just
a handy auxiliary function.

3.4.2 Properties of Distributions

The mathematical expectation of a random quantity X is, loosely speaking, the aver-
age of X over a long run of trials. More precisely, we define:

Definition 3.3 (Expectation). If X is a discrete random quantity, then the expectation
of X is

E(X) = in Fx(x),

where the summation extends over all values of x; such that P(X = x;) > 0. If X is con-
tinuous, then the expectation of X is

E(X) = /00 xfx(x)dx,

oo

where fx is the density function of X.

Example 3.16. If X is the sum of the points on a roll of two dice, as in Example 3.12,
then the expectation of X, E(X), is

E(X)—2><l—i—3><2+4><3—i—5x4+6><5+7><6—i-8><5
N 364 363 36 ) 36 | 36 36 36

— +1 — 4+ 1llx—=4+12x —=17.

+9x36+ 0x36+ X36+ ><36 7

Example 3.17. Let Y represent the distribution of breaking points on the fishing line
test described in Example 3.14. The expectation of Y is

00 2
E(Y):/ xfy(x)dx=/ xxldle.
—00 0 2

There is obviously an important difference between a distribution in which almost
all values of X are close to E(X) and one in which the values of X tend to be spread
widely around the mean E(X). The most common measure of how spread out the
values of X are is the variance of X, denoted by D?*(X).

Definition 3.4 (Variance).
D*(X) = E[(X — E(X))*].

Example 3.18. The tosses of a pair of dice described in Example 3.12 will provide a
simple example. Recall that E(X) = 7; the possible values of (X — E(X))? are therefore
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25 with probability -, 16 with probability 5z, 9 with probability %, 4 with probability <,

1 with probability %, and O with probability 3%. Thus, D*(X) = %.

Example 3.19. An example of the variance of a continuous variable is provided by the fi-
shing line of Example 3.14: D*(Y) = foz(x—E(Y))zx ldx= 02x2 x 1dx — f02 2x x $dx+
Slax=%_241=1

We know what it is for two subsets of the sample space to be independent:
S and T are independent if P(S N T) = P(S)P(T)—or [equivalently if P(S) > 0],
if P(T)="P(T|S). We also speak of random quantities as independent. The ran-
dom quantities X and Y are independent, provided the subsets of the sample space
they pick out are independent, that is, for every real x; and y; such that P(X < x;)
>0and P(Y <y;)>0, one has P(X <x;NY <y;) =PX <x))PY < y;). If we
think of X,Y as a two dimensional random quantity with distribution function
Fxy(x,y) =P(X <xNY <y), this amounts to the claim that the distribution func-
tion Fy y(x, y) is the product of the distribution functions Fy(x) and Fy(y) for every
x and y.

Let us take this as our definition of independence for random quantities:

Definition 3.5 (Independence). X and Y are independent just in case for every real
xandy, Fxy(x,y) = Fx(x)Fy(y).

A number of elementary but useful theorems concerning independence, expecta-
tion, and variance follow:

Theorem 3.12. If X and Y are random quantities, and both are discrete or both are
continuous, then fx y(x,y) = fx(x)fr(y), ifand only if X and Y are independent.

Theorem 3.13. E(X + Y) = E(X) + E(Y).

Theorem 3.14. E(aX + b) = aE(X) + b.

Theorem 3.15. If X and Y are independent, then E(XY) = E(X) E(Y).
Theorem 3.16. D%(X) = E(X2) — [E(X)]-

Theorem 3.17. D*(aX + b) = a’D*(X).

Theorem 3.18. If X and Y are independent, then D*(X + Y) = D*(X) + D*(Y).

The two dimensional joint distribution of the quantities X and Y, Fx y(x, y), is
perfectly well defined when X and Y are not independent. It is just the probability
that X <x AY <y. It may also be given by the joint density function (joint fre-
quency function) fx y(x,y). Then Fx(x) is the marginal X distribution function of
Fxy(x,y)= [ fx.y(x, y)dy. Similarly, [* fx.y(x,y)dy = fx(x) is the marginal
density of the quantity X.

It is important to note that whereas we can obtain the marginal distribution or
density functions from the joint distribution or density function, we can only obtain
the joint distribution function from the marginal distribution function in a special
case: That in which the quantities involved are independent.
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3.5 Sampling Distributions

Often we are interested in the properties of samples from a population. The sample
space S may often be taken to be the set of equinumerous samples of that population.
Let X be a random quantity defined for the population, and let X; be the random
quantity defined for sequences of n members of that population, whose value is
X(a;), where q; is the ith item in the sequence. If we are sampling with replacement,
the random quantities X; are independent.

Suppose we are drawing from an urn containing white and black balls. We draw a
ball, observe its color, and replace it and remix the contents of the urn before drawing
a second ball. Suppose we do this n times. A natural model takes as its sample space
the n-fold product of the sample space consisting of the balls in the urn. The algebra
of the original sample space consists of the empty set, the sample space itself, the set
of black balls, and the complement of the set of black balls.

Let the random quantity X be the characteristic function of black balls: That is,
it has the value 1 if its argument is black, and the value O otherwise. In the enlarged
problem, the random quantity X; has the value of X for the ith object. In particular,
if s is a sample of n draws, X;(s) has the value 1 if the ith draw is black, and the value
0 otherwise.

Whether or not the quantities X; are independent, the expected value of their sum
is the sum of their expected values: E(}_'_, X;) = >/, E(X;) = nE(X). Because the
quantities are independent, the variance of the sum is » times the variance of each
quantity: D’(37_, X)) = >, D*(X;) = nD*(X).

Example 3.20. Suppose the urn contains ten balls, of which three are black. An experi-
ment consists of selecting five balls from the urn, one at a time, and replacing each ball after
we have observed its color. Let B; be the function whose value is 1 if the ith ball is black,
and 0 otherwise. We suppose the chance of selecting each ball is the same. E(B;) = 0.3;
D?(B;) = (0.3)(0.7) = 0.21.

Let FB(s) be the number of black balls among the five drawn, where s is a member
of the new sample space. FB = Zle Bi(s). The expected value of FB is 5(0.3) = 1.5.
(Note that the actual number of black balls on any run of this experiment must be inte-
gral: We can no more draw 1.5 black balls than an American family can have 2.2 chil-
dren.)

The variance of the quantity FB is ZZ.SZIDZ(B[) = 5(0.21) = 1.05, making use of
Theorem 3.18.

Intuitively, the smaller the variance of a random quantity, the more closely we may
expect its values to be packed around its mean value. This last example suggests a
possible way of making use of this. To obtain a quantitative handle on the fact that a
smaller variance indicates a distribution that is more tightly packed about its mean,
we turn to an important and powerful theorem. It is particularly relevant to inductive
logic, as we shall see in later chapters. This theorem makes use of the standard
deviation of a quantity.

Definition 3.6 (Standard Deviation). The standard deviation D(X) of a quantity X
is the positive square root of its variance: D(X) = /D2(X).
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Theorem 3.19 (Chebychef’s Theorem). Let X be a random quantity with E(X) and
DZ(X)ﬁnite. Then

P(X — E(X)| = kD(X)) < k_12

Proof: We will use integrals ambiguously for sums (in case X is discrete) and
integrals (in case X is continuous). Dividing the integral that gives the value of
variance into three parts, we have

E(X)—kD(X)
D2(X) = / (x — ECOP fx (x) dx 3.1)
E(X)+kD(X)
+ / (x — B(X))? fx(x)dx (3.2)
E(X)—kD(X)
+ / (x — E(X))? fx(x)dx (3.3)
E(X)+kD(X)

Throw away the second term of the sum. Note that when x is less than E(X) — kD(X),
x — E(X) is less than —kD(X), so that (x — E(X))? is greater than k> D?(X). Simi-
larly, when x is greater than E(X) 4+ kD(X), x — E(x) is greater than kD(X), so that
(x — E(X))? is greater than k>D?(X). In the two terms remaining, replace (x — E(X))?
by the smaller quantity k>D?(X). We then have

E(X)—kD(X) 00
/ K*D*(X) fx(x)dx + / K*D*(X) fx(x)dx < D*(X).
—o0 E(X)+kD(X)

Dividing by k*D?(X), we have

E(X)—kD(X) 0 1
/ fx(x)dx —i—/ fx(x)dx < =

—00 E(X)+kD(X)

But the two integrals on the left give exactly the probability that the quantity X is
more than a distance kD(X) from E(X). |

Example 3.21. Consider the urn of the Example 3.20. Suppose that instead of 5 draws,
we considered 100 draws. Furthermore, rather than the random quantity FB we consider the
quantity RFB(relative frequency of black), whose value is— 100 FB. The expected value of RFB,
E(RFB), is 0.30; the variance is D*(RFB) = 100 —=(0.21). The standard deviation is 0.046.

Applying Chebychef’s theorem, we may infer that the probability that the relative fre-
quency of black balls in a hundred draws will fail to be within 2 standard deviations of the
mean is no more than a quarter: P(0.288 < RFB < 0.392) < %. Similarly, the probability
that the relative frequency of black balls in a hundred draws will fail to be within 4 standard

deviations of the mean is no more than ¢ - P(0.116 < RFB < 0.484) < ¢

In later chapters, we will look at the ways in which various writers have exploited
the consequences of Chebychef’s theorem.

3.6 Useful Distributions

Whereas there are many probability distributions that have found application in the
sciences, there are two that are of particular importance from the point of view of the
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analysis of induction. One of these is discrete, the binomial distribution, and one is
continuous, the normal distribution.

The binomial distribution arises naturally when we are concerned with a repeat-
able experiment that may yield success or may yield failure. Calling the experiment
repeatable suggests that the probabilities of the outcomes are the same on various
trials of the experiment. The experiment is similar to the urn situation described in
Example 3.21.

More formally, a binomial distribution is characterized by two parameters: p, the
probability of success on a single trial (in the example, the probability of getting a
black ball on a single draw), and n, the number of trials being considered (in the
example, the number of balls drawn).

The sample space consists of sequences of n trials. Again, let the quantity X; take
the value 1 if the ith trial results in success, and the value 0 otherwise. The outcome
of n trials can be represented by a sequence of n zeros and ones. Thus, if n is 5,
(0, 1,0, 1, 1) represents a sequence of five trials of which the first and third were
failures, and the second, fourth, and fifth successes.

In view of the fact that the quantities are independent, we can calculate the
probability of any particular outcome. For example (0, 1, 0, 1, 1) has the probability
(1 = p)(p) — p)(p)(p), because the probability of failure on the first trial is 1 — p;
the probability of success on the second trial is p, because success on the second
trial is independent of what happened on the first trial; and so on. In general, the
probability of a sequence of r successes and m = n — r failures in a specified order
will be the product of r p’s and m (1 — p)’s, or p"(1 — p)"~".

In a binomial distribution we care only about the numbers of successes and failures
on the n trials, rather than the particular order of the successes and failures. Thus, the
probability of r specified successes and n — r specified failures must be multiplied
by the number of ways of choosing r out of n objects, (").

Definition 3.7 (Binomial Distribution). A random quantity X has a binomial dis-
tribution, characterized by the parameters p and n, if and only if for every integer x;,
O0<xi<n
n

fx(x) = ( )Px‘“ —p)T.
X

1

It is easy to check that this is indeed a probability distribution.

Theorem 3.20.

> fry =1

xi=0

Proof: Letqg = 1 — p. Expand (p + ¢)" by the binomial theorem. We get exactly
all the terms of the form (;) p¥(1 — p)*~*, and their sum, being 1”, is 1. (Hence the
name “binomial”.) |

The normal distribution is the distribution whose density function is represented by
the famous bell curve, or error curve, or Gaussian curve (Figure 3.5). The normal dis-
tribution has two parameters, x and o, representing the mean and standard deviation
of the normally distributed quantity. The density function defines the distribution.
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Figure 3.5: The normal distribution.

Definition 3.8 (Normal Distribution). The quantity X is normally distributed if and
only if the distribution has a density function of the form

H(x) = ! e~ (x—n3/20?

V2r

We present without proof:

Theorem 3.21. If X has a normal distribution with parameters p and o, then E(X) =
and D(X) =o.

The pervasiveness of the normal distribution is partly explained by a theorem that
we will also state without proof, the central limit theorem:

Theorem 3.22 (Central Limit Theorem). If X is the sum of a large number of in-
dependent and identically distributed random quantities, then the distribution of X will be
approximately normal.

Example 3.22. If X has a binomial distribution, with parameters n > 15 and p > 0.1,
then the distribution of X is very nearly normal.

The theorem can be strengthened in various ways; roughly speaking, almost any
sum of random quantities, provided only that they are not very dependent and none
of them dominates the sum, will be approximately normally distributed.

3.7 Summary

Formally, probability is an additive function with the range [0, 1] defined on a field.
It is characterized by a few simple axioms. If the field is a o-field, i.e., contains the
union of a countable number of its members, the probability axioms may include a
corresponding axiom of countable additivity.

It is convenient to take conditional probability as primitive, and to define uncondi-
tioned probability as the value of a probability conditioned on the universe of the field.

Random quantities provide a convenient way to talk about many probabilities.
They are either discrete or continuous. In the discrete case, probabilities may be
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given by either frequency functions or distribution functions. In the continuous case,
probabilities may be given by either density functions or distribution functions.

It is useful to consider the expectation and variance of random quantities. The
standard deviation of a random quantity is the positive square root of its variance.

The expectation of a sum of random quantities is the sum of their expectations.
The variance of a sum of independent random quantities is the sum of their variances.

Chebychef’s theorem shows that it is very probable that the value of a random
quantity will be near its expected value, where nearness is measured in units of its
standard deviation.

There are relatively few standard distribution functions that are of interest to us in
what follows: mainly the binomial distribution and the normal distribution.

3.8 Bibliographical Notes

A very large number of fine texts in probability theory are available. Among the
classic texts we may mention Cramér [Cramér, 1955] and Neyman [Neyman, 1950].
Goldberg [Goldberg, 19601] is a short, clear, elementary exposition of the basic ideas.
For obvious reasons [Kyburg, 1969] exhibits a close fit to the ideas presented in this
chapter. There is nothing very controversial about the subject matter itself. When we
come to the application and interpretation of the probability calculus, on the other
hand, we shall encounter serious controversies.

3.9 Exercises

(I)  Prove Theorem 3.2.
(2)  Prove Theorem 3.3.
(3) Prove Theorem 3.4.
(4) Prove Theorem 3.5.
(5) Prove Theorem 3.6.
(6) Prove Theorem 3.7.
(7)  Prove Theorem 3.8.
(8)  Prove Theorem 3.9.

(9) A coin is tossed three times. What is the sample space? What probabilities would
you assign to each point?

(10)  Two balls are drawn (without replacement) from an urn containing three red, two
green, and five blue balls. What is the probability that the first is red and the second
is blue? What is this probability if the draws are made with replacement?

(11) A die has two sides painted red, two yellow, and two green. It is rolled twice. What
is the sample space? What probability should be assigned to each point?

(12)  What is the probability of rolling a 4 with one die? What is the probability of rolling
an 8 with two dice?

(13)  One urn contains two white and two black balls; a second urn contains two white
and four black balls. (a) If one ball is chosen from each urn, what is the probability
that they will be the same color? (b) If an urn is selected at random, and one ball
drawn from it, what is the probability that the ball will be white? (c) If an urn is
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(14)

15)

(16)

a7)

(18)

19)

(20)

1)

(22)
(23)
(24)
(25)
(26)
27)
(28)
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selected at random, and two balls are drawn from it (without replacement), what is

the probability that they will be the same color?

Assume that the sex of a child is determined by a random process, and that the

proportion of males is 0.5. In a family of six children: (a) What is the probability

that all will be of the same sex? (b) What is the probability that the four oldest will

be girls, and the two youngest boys? (c) What is the probability that exactly half the

children will be girls?

A coin is tossed until a head appears. What is the sample space? What is the prob-

ability that a coin will first appear on the fourth toss? What is the probability f(x)

that heads will appear for the first time on the xth toss?

Six dice are rolled. Find an expression f(x, y) for the probability of getting x ones

and y twos.

One die is rolled. A second die is rolled a number of times corresponding to the

points showing on the first die. What is the probability that the total number of points

is 4? Find a general expression for the probability of getting z points.

Assume a person is equally likely to be born on any day of the year. How many

people in a group do there have to be in order to have a better than even chance that

two of them have the same birthday?

Let p be the probability that a man will die within a year. Assume that the deaths

of A, B, C, and D are independent. Find the probability that

(a) A will die within the year.

(b) A and B will die within the year, but C and D will not die within the year.

(©) Only A will die within the year.

Suppose a sharpshooter has probability % of hitting the bull’s-eye. Assuming the

shots are independent, how many shots does he have to fire for the probability to be

at least 0.99 that the bull’s-eye is hit at least once?

One urn contains two white and two black balls; a second urn contains two white

and four black balls.

(a) If one ball is chosen from each urn, what is the probability that they will be
the same color?

(b) If an urn is selected at random, and one ball drawn from it, what is the
probability that the ball will be white?

(c) If an urn is selected at random, and two balls are drawn from it (without
replacement), what is the probability that they will be the same color?

Prove Theorem 3.12.

Prove Theorem 3.13.

Prove Theorem 3.14.

Prove Theorem 3.15.

Prove Theorem 3.16.

Prove Theorem 3.17.

Two dice are rolled. Find an expression f(x, y) for the probability of getting x

ones and y twos. Calculate E(N), where N is the number showing on the first die.

Calculate E(N; + N,), where N, is the number showing on the second die.
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(32)

(33)

(34)

(35)

(36)

(37)

(38)
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One die is rolled. A coin is tossed a number of times corresponding to the dots
showing on the die. Every head counts as one point. What is the probability that the
total number of points is 4? Find a general expression for the probability of getting
Z points.

Find the expectation and variance of Z, the number of points in the preceding
problem.

Let D be the set of throws of one die. Y is defined as the function that takes an
element of D into the square of the number of dots showing uppermost in that
element of D. Find the frequency function and distribution function of Y, on the
usual assumptions.

Find the distribution function of the random quantity Z whose frequency function is
Oforx <0,xfor0 <x <1,2 —xforl < x <2,andOforx > 2.(You might start
by showing that this is, indeed, a frequency function.) Compute E(Z) and D*(Z).
Suppose X is uniformly distributed in [2, 4] and Y is uniformly distributed in
[2, 5], and that X and Y are independent. Compute P(X < 3 AY < 3). Find the
joint frequency and distribution functions of X, Y. Find the frequency function of
W=X+7Y.

Under the circumstances of the previous problem, find the probability that XY < 6.
More generally, find the distribution function of Z = XY.

Let Fy(x) = k(x —a)? for x in [a, b], O for x < a, 1 for x > b. Compute the
expectation of X* and the variance of X. (By the way, what is k?)

Find k& so that Fx y(x, y) = kx(1 — y) for x and y in [0,1] is a frequency function.
What are the marginal frequency functions? Are X and Y independent? Compute
the mean and variance of X + Y and XY.

Let fxy(x,y)=3xfor0 <y <x < 1. What are the marginal frequency func-
tions? Are X and Y independent? Compute the mean and variance of X + Y and
XY.

Show that when X is nonnegative, with mean my, the probability that X exceeds
kmy is less than 1/k.
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4

Interpretations of Probability

4.1 Introduction

In Chapter 3, we discussed the axioms of the probability calculus and derived some
of its theorems. We never said, however, what “probability” meant. From a formal
or mathematical point of view, there was no need to: we could state and prove facts
about the relations among probabilities without knowing what a probability is, just as
we can state and prove theorems about points and lines without knowing what they
are. (As Bertrand Russell said [Russell, 1901, p. 83] “Mathematics may be defined
as the subject where we never know what we are talking about, nor whether what we
are saying is true.”)

Nevertheless, because our goal is to make use of the notion of probability in
understanding uncertain inference and induction, we must be explicit about its in-
terpretation. There are several reasons for this. In the first place, if we are hoping to
follow the injunction to believe what is probable, we have to know what is probable.
There is no hope of assigning values to probabilities unless we have some idea of
what probability means. What determines those values? Second, we need to know
what the import of probability is for us. How is it supposed to bear on our epistemic
states or our decisions? Third, what is the domain of the probability function? In the
last chapter we took the domain to be a field, but that merely assigns structure to the
domain: it doesn’t tell us what the domain objects are.

There is no generally accepted interpretation of probability. The earliest view,
often referred to as the “classical” interpretation of probability, was that mentioned
in Chapter 3 as involving the counting of “equipossible” cases. We dismissed that
view there as not germane to the formal concerns of Chapter 3, but we promised to
reconsider the view here.

4.2 The Classical View

The idea that probability could be interpreted as a ratio of favorable cases to a totality
of cases is generally attributed to Laplace [Laplace, 1951] but may, according to some
writers [Hacking, 1975], go back to Leibniz. The idea makes good sense when we are
thinking (as all the early probabilists were thinking) of games of chance. The cases

68
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in such games are well defined: a die comes to rest on a level surface with one of six
sides uppermost. A coin, tossed in the usual way, lands with the head up or with the
tail up. These are cases. More complicated cases can also be considered: the number
of cases constituting the partition of the sample space appropriate to hands of bridge
is enormous—the number of ways of dividing 52 cards into four hands of 13 cards
each, or

52 B 521
13 13 13 13) ~ 131131131 130

Even in these complicated circumstances, the cases are easy to identify, and, what is
equally to the point, they tend to occur with roughly equal frequencies.

Of course, people can gamble on anything, and not merely on well-regimented
games of chance, but there are intermediate examples in which counting cases does
not seem to be quite right. For example, as popular as craps or roulette are horse
races. But nobody (at least nobody who is solvent) would propose that the correct
probabilities in a horse race are to be obtained by counting the various permutations
of the order in which the racers might finish as “equally possible cases”.

But this does not mean that it is impossible to imagine that a set of cases exists in
an abstract sense from which we can generate a sample space that has the structure
we think appropriate, whatever that structure may be. For example, consider a race
between two horses, Gallagher and Tweeny. Suppose that we want to say that the
probability that Gallagher wins is 0.35. One possibility is to imagine that the sample
space S consists of a very large set of similar “trials” of this race, under similar
conditions. This large number of trials is partitioned into 100 equipossible cases,
of which 35 are favorable to Gallagher winning. Of course, we don’t know how to
describe those cases intuitively, but it could be maintained that the very fact that we
say that the probability is 0.35 entails that we are assuming that these cases exist. Put
more generally, when we say that the probability is 0.35 that Gallagher wins, we are
assuming that there are N similar kinds of race, of which 35% have the result that
Gallagher wins.

Thus, the view that probability is the ratio of favorable cases to the total number
of equipossible cases is not entirely implausible. Due to its historical popularity, this
view has become known as the classical interpretation of probability.

The classical interpretation has had an enormous influence over the development
of probability theory; it was the definition of probability provided in probability
textbooks right into the twentieth century, in part due to its simplicity. Despite its
great influence, it has been generally rejected as an adequate interpretation of the
probability calculus.

As we noted in the previous chapter, the classical interpretation suffers from an
apparent circularity. When we define probability as the ratio of favorable cases to
the total number of equally possible cases, we need to explain what we mean by
“equally possible.” At first blush we might say that we mean equally probable, but
such an approach immediately leads to circularity. This circularity can be overcome
if a definition of equally possible is given which is independent of the definition of
probability. To do so the classical probabilists offered the principle of indifference.
According to that principle, any set of possibilities is equally possible if we have “no
reason” to prefer one possibility over the others.
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According to the classical definition, probability is the ratio of successful outcomes
to the total number of outcomes where each outcome is equally possible. For example,
given a six sided die, it is equally possible that on a given roll of that die any particular
side will land facing up. The classical definition of probability clearly covers such
events. But what happens if we shave a piece off of one of the corners of the die?

It is precisely the symmetry of the die which gives us grounds for claiming that it
is “equally possible” that any of the six sides will come up. With the elimination of
that symmetry we destroy that equipossibility. It is no longer the case that we have
six sides which are all equally possible. The classical definition of probability seems
not to be able to handle this situation, for it gives us no way to arrive at a different
distribution of equipossibility. Let us put this case to one side, and ask whether,
if we do have clear-cut cases, the probability calculus should apply. Even in this
limited domain the classical interpretation of the probability calculus will run into
difficulties.

We may argue that this principle is implausible simply because it is not acceptable
to use ignorance as a basis for knowledge. Of course, many writers take the application
of the principle of indifference to be based on a symmetry of reasons, rather than
mere lack of reasons. But this is not a complete answer to the difficulties of applying
the principle without a complete specification of how strong these reasons that are
balanced must be.

A more pressing problem with the principle of indifference is that it can lead
to outright inconsistency. Imagine that we know there is life on Vulcan but we are
ignorant as to whether it is carbon based (like us), silicon based, or germanium based.
If we ask what is the probability that carbon based life exists on Vulcan we get, by
the principle of indifference,

P(Lc) = 0.5
P(=Lc) = 0.5

where “Lc” stands for carbon based life existing on Vulcan.

We can also ask what is the probability that there is either carbon based life (Lc),
silicon based life (Ls), or germanium based life (Lg) on Vulcan. By the principle of
indifference we get

P(Lc) = 0.333
P(Ls) = 0.333
P(Lg) = 0.333.

These different queries about the probabilities of the existence of types of life on
Vulcan leads to aquandary. By the first approach we get P(Lc) = 0.5, but by the second
approach we get P(Lc) = 0.333. Clearly this is a contradiction. It is not logically
possible for the probability of the same event to be both 0.333 and 0.5.

The principle of indifference can lead to contradiction in another way. Here is an
example due to Nagel [Nagel, 1939].

Suppose you have a sample of liquid, and you know that its specific gravity lies
between 1 and 2 grams per cubic centimeter. The principle of indifference would
suggest that the probability is 0.5 that the liquid has a specific gravity of less than
1.5 g/cc. But put the same problem another way: You know the specific volume of the
sample lies between 0.5 cc/g and 1.0 cc/g. The principle of indifference suggests that
the probability is 0.5 that the liquid has a specific volume of greater than 0.75 cc/g.
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It has a specific volume greater than 0.75 cc/g if and only if it has a specific gravity
of less than 1.33 g/cc. But the claim that the probability is 0.5 that the liquid has a
specific gravity of less than 1.5 g/cc is inconsistent with the claim that the probability
is 0.5 that it has a specific gravity of less than 1.33 g/cc unless the probability is 0.0
that the specific gravity lies between 1.33 g/cc and 1.5 g/cc.

Despite the fact that these difficulties can often be circumvented (if only by limiting
the scope of its application), the principle of indifference on which the classical inter-
pretation of probability came to be based was neither so clear-cut nor so compelling
as to lead to universal agreement.

4.3 Empirical Interpretations of Probability

Writers from the middle of the nineteenth century on have noticed these difficulties,
and attempted to provide interpretations of probability that would meet them. Several
interpretations of probability have been given in the twentieth century; they fall into
three groups. These are (i) empirical interpretations, (ii) logical interpretations, and
(iii) subjective interpretations. None has been thought to be wholly satisfactory, but
elements of each are still vigorously defended by contemporary writers.

There are several ways in which we can treat probability as an empirical concept.
One proposal is to construe probability directly as a relative frequency.

The uses of probability associated with insurance, social statistics, and scien-
tific experiments in biology and agriculture as these began to be performed in the
nineteenth and twentieth centuries were generally based on counting instances and
looking at relative frequencies. The great insurance companies like Lloyd’s looked to
historical frequencies to guide them in assessing premiums, and not to the principle
of indifference or the counting of possible cases.

The relative frequency of an event of kind A among a set of events of kind B is
just the ratio of the cardinality of events of kind A N B to the cardinality of events of
kind B. This assumes that these cardinalities are finite. Given our current cosmological
notions, it makes good sense to suppose that empirically given sets are finite: In the
history of the universe the number of tosses of coins will be finite. The number of
crows and the number of people will be finite (though we may not be able to put
sharp bounds on either).

For example, we may take the probability of a head on a toss of a particular coin
to be the relative frequency with which that coin comes up heads on all the times
(past and future) that it is tossed. A difficulty of this view that must be faced is that
it undermines the usual applications of the probability calculus.

Usually we calculate the probability of two heads in a row by assuming that the
outcomes of the tosses are independent. But if we suppose that the probability of
heads is the relative frequency of heads among the tosses of the coin and that the
number of tosses is finite, the outcomes of the tosses are not independent. If there
are to be a total of N tosses, then the probability of heads on the second toss is
the relative frequency of heads on the remaining N — 1 tosses, which cannot be the
same as the relative frequency among the original N tosses, however large N may be.
The fact that we do not know the value of N is irrelevant: We do know that the event of
getting heads on the second toss is not independent of getting heads on the first toss.

There are two ways in which this annoying difficulty can be dealt with. One is to
take probability to be an idealization of the relative frequencies we encounter in the
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world, in the sense that it is to be interpreted as the limiting relative frequency in an
unbounded class of events. In that case when we have observed a head, the relative
frequency of heads among the remainder of the events of coin tossing can remain
unchanged. The other is to take probability to be a physical propensity of a chance
setup [Hacking, 1965]. On this latter view, the probability is not to be identified
with the relative frequency we observe (or might observe) but with a property of
the physical arrangement—the coin and the tossing apparatus—that gives rise to that
empirical frequency.

4.3.1 The Limiting Frequency Interpretation

The limiting frequency view of probability was extensively developed by von Mises
[von Mises, 1957]. It is still highly regarded in many circles, particularly among the
majority of statisticians, though most no longer worry about von Mises’s concern
with randomness. On this view, probability only makes sense when it is referred
(usually implicitly) to a hypothetical infinite sequence of trials. The probability of a
kind of event in an infinite sequence of trials is defined as the limit of the relative
frequency of events of that kind in the sequence. Remember, though, that the whole
construction is designed to be an idealization of the processes we find in the world.

The formal objects with which we are to be concerned in this interpretation of
probability are infinite sequences and infinite subsequences of them. The sample
space consists of the infinite sequences; the o-algebra is determined by constraints
on the sequences. For example, let S consist of infinite sequences of rolls of a die.
The constraint that the first roll yielded a 1 picks out an infinite number of those
sequences—yviz., those whose first element has the property of yielding a one.

Let E;c, be an infinite sequence of events of a certain sort, for example, tosses
of a coin. Some of these events may have the property of yielding heads; let H be
a predicate denoting this property. We say that H(E;) is true if (and only if) the ith
event yields heads.

Consider a specific sequence of tosses E = {E, E», ...}. Clearly there is nothing
problematic about defining the relative frequency of heads among the first » members
of E, relfy g(n):itis simply 1/n times the number of true statements of the form H(E;)
with i less than or equal to n. Let p be a real number (for example 0.5). Using the
standard mathematical conception of a limit, the limit, as n approaches infinity, of
relfy g(n) is p if and only if, for every §, there is an N such that for any m, if m > N,
then |relfy g(m) — p| < §.In symbols we define probability as the limit of the relative
frequency of H in the infinite (ideal) sequence E:

Definition 4.1. P(H, E) = p, if and only if
(V&)AN)(Ym)m > N — |relfy g(m) — p| < ).

For the probability to exist, the limit must exist. This need not necessarily be
the case. For example, the sequence 0, 1,1,0,0,0,1,1,1,1,1,1,0, ..., in which the
relative frequency of 1’s varies from % to % and back again, has no limiting frequency
of I’s.

Von Mises imposes an additional condition, beyond the existence of a limit, on se-
quences that are to qualify as collectives (Kollektives), that is, as sequences supporting
probability measures. This condition is that of randomness. A sequence is random



EMPIRICAL INTERPRETATIONS OF PROBABILITY 73

with respect to a property (or subsequence determined by a property) if the relative
frequency is invariant under place selection. The limit of the relative frequency of
heads in E should be the same in the subsequence consisting of the odd-numbered
tosses, in the subsequence consisting of the prime-numbered tosses (there are an
infinite number of them), in the subsequence consisting of every third toss starting
with the second, in the subsequence consisting of tosses made after a toss resulting in
heads, and in the subsequence consisting of tosses made while the tosser is smoking
a cigar, under the idealizing assumption (always in the back of von Mises’s mind)
that there are an infinite number of tosses made while the tosser is smoking a cigar.

The intuition behind this requirement is that the sequence 0, 1,0, 1,0, 1,0, 1, ...
does not fit our idea of a random sequence. It would be easy to devise a foolproof
gambling system for betting on such a sequence: bet in favor of 1 after observing 0,
and on 0 after observing 1. A gambling system is a systematic way of deciding, on
the basis of the part of the sequence that has been observed, how to bet on the next
event. As von Mises states the requirement: No gambling system should be possible
in a collective. Whatever subsequence of the collective one chooses, the limiting
frequency of the target property H should be the same.

We shall later see that this is a problematic constraint. For the time being, let us
suppose that it makes sense, and continue with von Mises’s construction.

It is easy to see that if the limit of the relative frequency in a collective exists, it
must be between 0 and 1. Furthermore, if the limiting frequency of events of kind
H exists and is p, the limiting frequency of events of kind H exists and is 1 — p.
To go beyond this requires constructing new collectives from old ones. For example,
von Mises introduces a mixing operation on collectives that represents disjunction.
Consider a collective that represents the limiting frequency of ones on throws of a
die; consider a collective that represents the limiting frequency of threes on throws
of a die. We may naturally consider a collective constructed by “mixing” these two
collectives—namely, one in which we consider the relative frequency of getting either
a one or a three. It is possible to show that if the limit of the relative frequency of
ones in the first collective is p; and the limit of the relative frequency of threes in the
second collective is ps, then the limit of the relative frequency of ones or threes, in
the third collective (a) exists, and (b) is equal to p; + ps. (This depends on the fact
that the outcome cannot be both a one and a three.)

There is also another way of constructing a collective from two given collectives.
Let one collective, K;, represent the limiting frequency of the property H;, and
another, K, represent the limiting frequency of the property H,. We may construct
a new collective consisting of those events in K; that correspond to the events in
K, in which H, occurred. For example, let K; represent the limiting frequency of
rain, among days in general, and let K, represent the limiting frequency of clouds
on the horizon among days in general. We may be able to construct a new collective
representing the limiting frequency of rain on days on which there are clouds on the
horizon. This is not assured (though if the two events are independent, it is assured),
because there may be regularities that preclude the sequence of days on which there
are clouds on the horizon from being a collective with respect to rain—there may be
a place selection that does not yield the same limiting frequency. But if it exists, the
new collective represents the conditional probability of rain, given clouds.

Von Mises thus can capture the classical probability calculus with his limiting
frequencies. There is one difficulty, which as a matter of fact has proved to be a highly
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fruitful source of mathematical results. The requirement that there be no subsequence
of a collective K in which the limiting frequency of a property H differs from that
in K as a whole is clearly impossible to meet except in sequences in which every
member has the property or every member lacks the property. The reason is that the
modern conception of a function as a set of ordered pairs entails that there is a function
f from the natural numbers to 0, 1 such that the event E; has the property H if and
only if f(i) = 1. The function f thus constitutes a perfect gambling system. The only
problem is that we don’t know what f is; nevertheless, we know it exists, and thus
we know that there is a subsequence of any putative collective K that prevents it from
being a collective.

One natural response to this observationis to propose that we restrict our attention to
“natural” subsequences. If the sequence of tosses of a coin were HTHTHTHTHT. . . , it
would not be hard to devise a gambling system that would guess correctly more than
50% of the time. One proposal anent randomness was to require that collectives be
“after-effect free”—that is, that the frequency of H after events with the property H
be the same as the frequency of H in general, that the frequency of H after any fixed
pattern of H’s among n successive events be the same as that of H in general, etc.
It is possible to show that infinite sequences exist in which the limiting frequency
of H exists, and in which the occurrences of H exhibit this property of aftereffect
freedom.

But what other constraints are possible? This question has led to the study of what
functions are practically computable that would help the gambler beat the house. And
this study is part of the modern theory of computability. A rough modern answer to
what constitutes randomness in von Mises’s sense is that a finite sequence is random
withrespect to a property H if any program that told you which objects in the sequence
had the property H would be as long as the sequence itself.

An alternative approach is to deny the importance, except from a pragmatic point of
view, of the existence of subsequences that have different limiting frequencies of the
target property. Hans Reichenbach [Reichenbach, 1949] adopted this point of view.
He provided a limiting relative frequency interpretation of probability in which von
Mises’s formal requirement of randomness is rejected. For Reichenbach, a probabil-
ity sequence is given empirically. That collectives can be constructed he takes to be
of mathematical interest, and that these constructions provide a model of the prob-
ability calculus is philosophically interesting primarily because it demonstrates the
consistency of the limiting frequency interpretation.

For Reichenbach, any empirically given sequence can be a basis for a probability.
It may be finite; it need not exhibit disorder. What serves the place of von Mises’s
requirement of randomness is the selection of an appropriate reference sequence for
each particular application of the theory. The appropriateness of a particular choice
is a pragmatic matter.

For both Reichenbach and von Mises, probability statements, because they concern
the properties of infinite sequences of events, are theoretical. They cannot be verified
in the way that observation statements like “the cat is on the mat” can be. The question,
“How do you know the probability of heads is a half?” is, for both von Mises and
Reichenbach, incomplete. A probability only makes sense if it includes reference to
the collective, or reference sequence. The correct form of the question is “How do
you know that the probability of heads in the sequence of coin tosses T is a half?”
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But how do we answer this last, correctly formulated question? For von Mises the
question is analogous to any other question about theoretical knowledge, e.g., “How
do you know that gravitational force varies inversely with the square of the distance?”
The idea of using probability to help us to understand scientific inference is, for von
Mises, to put the cart before the horse: probability represents just one of the various
kinds of scientific conclusions we would like to be able to justify.

This point of view is bolstered by reference to the scientific use of probability: in
kinetic theory and quantum mechanics, as well as in characterization of gambling
apparatus and in demographics. There is something to be said about how we decide
what probability statements to accept; von Mises said little about this in detail, but, as
we shall see, the influential British—American school of statistics adopts just this point
of view. What we need are pragmatic rules, such as those provided by statisticians, for
deciding when to accept a probability statement. This is not to say the rules are “merely
pragmatic” in a pejorative sense of that phrase; we can explore the consequences of
using one rule or another and find good reasons for using the rules that we use. The
rules themselves, however, are pragmatic, rather than logical; they represent actions
rather than arguments.

Reichenbach’s view is similar, except that he explicitly proposes a particular gen-
eral rule: having observed n As, of which m have been Bs, project that the limiting
frequency of Bs among As is m/n. This simple rule, combined with the fact that
Reichenbach imposes no constraints on the infinite sequences that can serve as the
reference sequences for probabilities, creates a formidable problem, to which we
will return repeatedly in this work: the problem of the reference class. Any event
E; belongs to a large (or even infinite) number of kinds. Each of these kinds may
have exhibited a different historical frequency of events with property H. Each of
these kinds may therefore be thought of as forming an infinite sequence to which
E; may belong. To which kind should we refer the probability that event E; has the
property H?

Example 4.1. Let E; be the toss of a coin I shall next perform. It is the toss of a quarter;
it is the toss of a coin of U.S. mintage; it is the toss of a coin by me; it is the toss of a coin by
a member of my family; it is the toss of a coin by a college professor; it is the toss of a coin
performed in Lyons during December; . ... Let these classes be {Cy, C», . ..}. I have some
information about each of them: my /n; of C| have yielded heads, m, [ n; of Cy have yielded
heads, etc. Each of these historical frequencies, according to Reichenbach, can (correctly)
be projected into the future as a long run or limiting frequency.

In a sense each projection can be taken to correctly characterize a probability concerning
heads on the next toss. But if we want to use probability as a guide to belief, or as an
ingredient in a decision theory, we can only make use of one value of the probability.

This leads us to the problem of the single case—the problem of applying proba-
bility to specific events, such as the next toss of the coin, or the next person to take
out insurance with our company. The contrast between von Mises’s more mathemat-
ical approach to the frequency interpretation of probability and Reichenbach’s more
pragmatic approach to the same problem can be best appreciated if we consider how
they look at applying probabilities in the real world.

For neither Reichenbach nor von Mises can we literally apply probability to a single
event. Probability is a property of sequences, not individual events within sequences of
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events. To talk of the probability of heads on the next toss, the probability of suffering
aloss on the next applicant for insurance, is, for both von Mises and Reichenbach, just
plain mistaken. There is no such probability. We can only talk of the limiting frequency
of heads in a sequence of tosses, the limiting frequency of losses in a sequence of
applicants, for every probability is the limit of a relative frequency in a sequence.
Thus, von Mises deals with the single case simply by saying that it is not his concern;
his concern is with science, and the concern of science is the general, not the particular.

For von Mises, the probability of a single event, for example the probability of
death of a particular individual, is not a subject for the probability calculus. He writes,
“The theory of probability [is] a science of the same order as geometry or theoretical
mechanics . . . just as the subject matter of geometry is the study of spatial phenomena,
so probability deals with mass phenomena and repeatable events” [von Mises, 1957,
p. viil. He also writes ... the solution of a problem in the theory of probability can
teach us something definite about the real world. It gives a prediction of the result
of a long sequence of physical events; this prediction can be tested by observation”
[von Mises, 1957, p. 63].

Example 4.2. We can calculate the limiting frequency with which sets of n draws from
an urn containing equal numbers of red and black balls yield samples in which the sample
frequency of red balls is 0.50, on the assumption that the draws are binomial with parameters
r = 0.50 and n. Suppose this frequency is 0.72. What this tells us about the world is that
if our model is correct, and if we perform the experiment of making n draws from the
urn a great many—indeed, for von Mises, an infinite number of—times, then the limiting
Jfrequency with which such experiments yield samples consisting of 50% red draws is 0.72.

Notice that, in conformity with the assertion that probability deals with long sequences
of repeatable events, this assertion about the world says nothing about the outcome of
any particular experiment of drawing n balls, however large n may be. The experiment of
drawing n balls is a single (complex) experiment.

Although von Mises contends that probability theory cannot say anything about
the probability of a single event, we do use statements of probability that employ the
indefinite article “a” to make claims about what appears to be a single event: “the
probability of getting a six in a throw of a die is £,” “the probability that a birth is the
birth of a girl is 0.48”, etc. Von Mises construes these statements as elliptical versions
of probability statements concerning the general case.

But Reichenbach does, where von Mises does not, seek to come to terms with
the ordinary language use of “probability” in which we talk of the probability that
a specific lottery ticket will win the lottery, the probability of getting heads on the
next toss of a coin, the probability that Mary’s baby will be a girl, and so on. In
the time-honored fashion of philosophers, he does so by inventing new terminology:
what we apply to the next toss is a posit. It is not a relative frequency, because one
cannot find a meaningful relative frequency in a class containing only one member—
the class whose only member is the next toss. But clearly some frequencies are more
relevant to the next toss than others, and if, as a practical matter, we can pick out the
most relevant frequency, we can use that as a basis for a posit concerning a particular
event—e.g., the next toss. The doctrine works like this.

Although probabilities can only literally apply to aggregates—the sequence of
draws from the urn, for example—Reichenbach also offers us his doctrine of posits
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to allow us to relate the general relative frequency and the single case. A posit is a
guess at a truth value. In the simplest case, we might posit the occurrence of a kind of
event that happens more often than not in the long run. A more sophisticated procedure
would lead us to assign weights to posits: and these weights, on Reichenbach’s view,
are exactly the probabilities of the event in question in the appropriate reference class.
These weighted posits are reflected in ordinary language in talk about the probability
of the single case. Literally, it is nonsense to talk of the “probability” of the next draw
from the urn producing a red ball; but the doctrine of posits gives us a way to make
sense of the common language claim that the probability of the next draw being that
of a red ball is p. Although for Reichenbach the claim is not correct, we must strive
to make sense of our ordinary intuitions.

Consider an example given by Wesley Salmon [Salmon & Greeno, 1971, p. 40] to
illustrate a “fundamental difficulty” related to the frequency interpretation of prob-
ability. Suppose there are two urns on a table. The one on the left contains only red
balls, while the one on the right contains equal numbers of red, white, and blue balls.
The reference class R; might be the sequence of draws from the urn on the right (with
replacement to ensure independence). The reference class L, might be the sequence
of draws made alternately from the left and right urns.

Suppose the event in question is the drawing of a red ball on the next trial in the
setup described. Should it be one-third (the presumed relative frequency of draws of
red balls from the right hand urn), or 1.0 (the presumed relative frequency of draws
of red balls from the left hand urn), or two-thirds (the presumed relative frequency of
draws of red balls on trials of the experiment)? Again, that event—the drawing of a
red ball on the next trial—may also be the drawing of a red ball by Alice on the next
trial, or the drawing of a red ball by means of a pair of tweezers on the next trial, or
any one of a large number of descriptions of the event constituting the next draw.

Given the attribute (the drawing of ared ball), we must devise a method for choosing
the right reference class. Reichenbach recommends selecting “the narrowest class for
which reliable statistics can be compiled” as the reference class. He writes, “If we
are asked to find the probability holding for an individual future event, we must first
incorporate the case in a suitable reference class. An individual thing or event may

be incorporated in many reference classes .... We then proceed by considering the
narrowest reference class for which reliable statistics can be compiled” [Reichenbach,
1949, p. 374].

Reichenbach does not deal with the problem of choosing the correct attribute class
to represent the event under consideration (nor, for that matter, does he explain the
phrase “reliable statistics”). This may be a matter of oversight, or, more likely, reflect
the fact that the choice of the reference class is typically much more controversial
than the choice of the attribute class.

Philosophers like Reichenbach regard the problem of selecting the correct refer-
ence class on which one will base an assertion of probability as merely a pragmatic
matter, rather than a serious philosophical one. They argue that the job of the scientist
is over when he has provided us with a bunch of statistical hypotheses that he considers
acceptable. Taking one hypothesis rather than another to guide our actions, accord-
ing to this view, is not the scientist’s problem. Reichenbach’s advice, to choose the
narrowest reference class for which we have reliable statistics, is purely pragmatic.

However, often we have data about the potential reference class A (say, the set
of throws of a coin) and about the potential reference class B (the set of bets made
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by Natasha), but though the set of bets made by Natasha on throws of a coin is a
perfectly good reference class, we may have no knowledge about it at all. The advice
to choose the narrowest class is not always applicable.

Even when it is applicable, this piece of advice is not unambiguous, as we shall see
later. Whether or not we have reliable statistics about a reference class depends on
what we mean by “having statistics.” If we take “having statistics” to mean being in
a position to accept a precise limiting frequency statement (“The limiting frequency
of heads in tosses of coin C is 0.50132”), then we so rarely have statistics as to
make the application of probability useless. On the other hand, if we allow vague or
approximate statistical statements (“The limiting frequency of heads in tosses of coin
C is between 0.4 and 0.6”), we have statistics about every possible reference class—if
only the information that the limiting frequency of A lies between 0.0 and 1.0. If we
construe that as “having statistics,” it is clear that the narrowest reference class will
be characterized exactly by those limits, 0.0 and 1.0, since the narrowest reference
class will be the class having as its only member the object or event in question.

As we shall see later, it is a complicated matter to adjudicate the conflict between
knowledge of reference classes that apply more specifically to the instance at hand
and knowledge of reference classes about which our knowledge is more precise. It is
also both crucial and central to the application of statistics.

4.3.2 The Propensity Interpretation

Like the frequency approach, the propensity approach takes probabilities to be ob-
jective features of the empirical world. However, whereas the frequency view takes
probability to belong collectively to the sequence that constitutes the reference class
or the collective, the propensity approach takes probability to belong distributively
to the individual trials in that class.

Thus, on the former view, the probability of heads on a toss of this coin s 1, because
% is the limit of the relative frequency of heads in a (hypothetical) infinite sequence of
tosses of the coin. This probability characterizes the whole sequence of coin tosses.
On the latter view, the limit of the relative frequency is (with probability 1—see the
statement of Chebychef’s theorem in the last chapter) % because each toss has a
propensity of magnitude } to land heads, and the sequence of tosses is independent.
This probability is a propensity that each toss has distributively, as opposed to the
collective property that holds of the sequence of tosses as a whole. Furthermore, it
is this propensity, this disposition of the coin (or coin plus tossing apparatus), that
explains the frequencies we observe.

This is not at all to deny that samples from the sequence of tosses may constitute
the best evidence we have concerning the propensity of tosses to yield heads. More
important, the propensity of a certain kind of trial to yield a certain result depends on
the circumstances of the trial—what Hacking [Hacking, 1965, p. 13] calls the chance
setup under which the trial is conducted.

Karl Popper puts the matter this way: “The probabilities . . . may be looked upon as
properties of this arrangement. They characterize the disposition, or the propensity, of
the experimental arrangement to give rise to certain characteristic frequencies when
the experiment is often repeated” [Popper, 1959, p. 67].

To see what this comes to, let us consider a sequence of throws of a die by means
of a certain biased throwing apparatus; let us suppose that in this sequence of throws
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the limiting frequency with which the six comes up is 1. Now suppose that three
of these throws were made with a different apparatus which is, as we would put it,
“fair”. Popper argues that despite the fact that the limiting frequency of six for all
throws is i, the correct probability of six in the three fair throws is é The claim is
that although there are only three of these throws, and their results are swamped by
the long run results, the propensity of yielding a six, or the causal tendency to yield
a six, on each of these three throws is é, whatever their actual outcome.

One difficulty faced by the frequency theorist was that of finding it hard to account
for the attribution of probability to a single case: for the frequency theorist probability
is only an attribute of the collective constituted by the sequence of trials. The propen-
sity theorist seems to have no such problem. His interpretation of probability is exactly
focused on the single case. No matter if only one of the tosses of the die was performed
in such amanner as to be fair; that toss had a propensity of { to yield asix [Fetzer, 1977;
Giere, 1973].

On the other hand, the propensity theorist faces his own problems with ordinary
language. The propensity of the roll of the die to produce a six is ;, in Popper’s
example. But that applies to every roll of the die in that apparatus, including the one
just performed. If I have seen that the die resulted in a two, it seems strange to ask
me to attribute a probability of } to its yielding a six.

The only way to make sense of this is to construe probabilities as intensional; we
can offer an interpretation of probability in terms of possible worlds, in which a single
event is said to have an attribute with probability 0.4 in this world, just in case in the
worlds accessible from this world that same event has the attribute 40% of the time.

That still gives us no way to understand the difference in epistemic attitude we have
toward past events whose attributes we happen to know and future events of the same
sort. There is a sense in which we would not want to attribute a probability of a half to
heads on a toss of a coin we have already observed, though the propensities surround-
ing that toss may be just as well known as the propensities surrounding the next toss.

In addition, a given event may fall under a number of descriptions, just as it could
fall into a number of collectives in the frequency interpretation. We must still face
all the problems entailed by the multiplicity of descriptions, and the coordinated
multiplicity of propensities, that we faced in the frequency case. Specifically, coins
tossed by me have a certain propensity to land heads. Coins tossed on Tuesdays have
a certain propensity to land heads, which may be different. Coins tossed by me, on
Tuesdays, have a certain propensity to land heads, which may match neither of the
preceding propensities. A single toss, by me, on Tuesday, will partake of all three
propensities, which by no means need be the same. How do I decide which propensity
to call the probability?

Furthermore, as Wesley Salmon has pointed out, we use probabilities in both
directions: we argue from the nature of the chance setup to the probability of the
result of a trial, but we also argue from the results of trials to the probable nature of
the chance setup. From the observation that a quarter of the tosses of the die in the
apparatus have resulted in a six, are we to infer that there is in fact a propensity for
the procedure to be biased? No. But we will quite reasonably say (as we observed in
the last chapter) that the probability that the procedure is biased, given the evidence,
is high. How are we to interpret this probability?

The empirical interpretations of probability certainly have a lot going for them,
but they cannot constitute the whole story. In particular, there are many occasions
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when ordinary language uses “probability” to express some epistemic notion: to
express the weight of evidence, or the degree of rational belief, concerning some
eventuality. The most clear-cut illustration of the conflict is that, with regard to the
draw just completed that produced a red ball, we feel the impulse both to say that
the probability was one-third that the ball would turn out to be red, and to say that
the probability that that particular draw did result in a red ball is 1.0. Surely no
nonextreme odds would be fair as a basis for betting (now) on the color of the ball
produced by that draw.

How do these empirical interpretations of probability influence our investigation
into uncertain and inductive inference? They make probability statements into empir-
ical hypotheses that are themselves the conclusions of uncertain inference. Logically,
the most important thing to observe is that these statements are strictly general: they
do not concern individual events, individual balls, individual statements. The propen-
sity view may suggest otherwise, because on that view probability may properly be
attributed to a single event. But this suggestion is misleading, because it is not the
individual event as such that is the subject of the propensity claim, but the individual
event as rype. The very same event may fall under two descriptions, and thus fall
under two types, and thus partake of two different propensities to produce result R.
In any case, as most writers recognize, these views of probability provide us with no
normative handle on the logic of uncertain inference. A conclusion is true or false,
as the case may be. That is as far as an empirical view of probability takes us. Both
Reichenbach and von Mises understood this, as do the modern holders of frequency
views of probability among statisticians.

4.4 Logical Interpretations of Probability

A logical interpretation of probability takes probability to measure something like
the degree of validity of an argument. From “the coin is tossed” we may infer, with
cogency measured by %, that the coin lands heads. Rational belief is the degree to
which one ought to believe a statement. Probability is to be legislative for rational
belief. Knowing what I know, the validity of the argument from what I know to “the
die lands one up” is %. That is the degree to which I ought rationally to believe “the
die lands one up”.

The logical approach was explicitly adopted by John Maynard Keynes in his
1921 book, A Treatise on Probability [Keynes, 1952]. Keynes’s system was proposed
precisely to provide a formal logic for uncertain inference. “Part of our knowledge
we obtain direct; and part by argument. The Theory of Probability is concerned with
that part which we obtain by argument, and it treats of the different degrees in which
the results so obtained are conclusive or inconclusive” [Keynes, 1952, p. 31.

Keynes’s view has been unjustly neglected until recently. An important feature of
his view, but one that makes his probabilities hard to compute with, is the claim that
probabilities are only partially ordered: two probabilities may be incomparable. The
first may be neither greater, nor less than, nor yet equal to the third. This theory of
“imprecise probabilities” has only recently attracted significant attention.! Keynes

IThe first conference devoted to imprecise probabilities was held in 1999.
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himself had little to offer by way of a systematization of his logical probabilities, and
this may be one of the reasons for the neglect of his work.

The most widely known approach along logical lines is that of Rudolf Carnap
[Carnap, 19501, whose theory of probability is directed toward constructing a formal
inductive logic in the same spirit in which we have a formal deductive logic. Proba-
bility is taken to be a logic of rational belief in the sense that, given our total body of
evidence, the degree of partial belief in a given statement that is rationally justified
by that evidence is to be determined on logical grounds alone. Probability is to be
legislative for rational degrees of belief.

Carnap assumes a logical language in which both deductive and inductive relations
can be expressed. In deductive logic, if a statement e entails another statement 4, then
if e is true, h must be true. In the same vein, if e is evidence for a hypothesis #,
then the relation we see between the evidence e and the hypothesis / is what Carnap
calls a relation of partial entailment. Carnap views this relation of partial entailment
between the evidence e and hypothesis & as a logical or necessary relation. In this he
is following Keynes, whose book defended the same idea.

What does it mean to call the relation “necessary”? It means that when e is our
total evidence, and e confirms the hypothesis 4 to the degree r, then the statement
expressing this fact, ¢(k, ¢) = r, is true, not in virtue of any contingent fact, but in
virtue of the very concept of confirmation. Of course, the statements ¢ and 4 may
both be empirical.

Carnap develops his conception of probability step by step, starting with very sim-
ple languages. To begin with, he construes the degree of confirmation of % relative to
e, c(h, e), as a conditional probability. It is the probability of the proposition %, given
the total evidence expressed in e. The requirement of total evidence is important:
given some more evidence, the probability of 2 may go either up or down. Because
c(h, e) is a conditional probability, it can be expressed as the ratio of two uncondi-
tional probabilities: m(e A #)/m(e). The problem of defining confirmation for pairs
of sentences 4 and e has been reduced to the problem of defining a measure function
m over the sentences of a language.

Carnap restricts his attention to first order languages with a finite number of one-
place predicates, without functions or relations, and with a finite number of proper
names, assumed to name uniquely each individual in the domain of discourse: each
individual in the domain is to have one and only one name.

Furthermore, he assumed that the languages were descriptively complete (so that
we need take account of no phenomena that cannot be described in the language), and
that the predicates were logically independent of each other in the sense that there
is no logical difficulty in supposing that any combination of primitive predicates can
be instantiated in a single object. (In contrast, we have for example color predicates
such as “red” and “green”, which are often assumed to be logically, and not merely
empirically, exclusive.) All of these constraints have subsequently been lifted, though
the procedure about to be described becomes more complicated as we consider richer
and more general languages.

Carnap assumes the standard logical machinery in all of his languages: the usual
sentential connectives and quantifiers of first order logic.

In the simple language just described, we can say everything there is to say about
an individual i by means of a sentence that, for each of the set of primitive predicates,
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Py, ..., P,, says whether or not the individual i has the property denoted by that
predicate. There are 2" compound predicates we can define on the basis of # primitive
predicates. These compound predicates are what Carnap calls Q-predicates. If there
are N individual names in the language, a complete description of the world (for that
language) consists of the assignment of one of the 2" Q-predicates to each individual
in the world. There are thus (2")" distinguishable descriptions of the world—the
number of functions from N to the set of 2" Q-predicates. Each such description is
called a state description.

Two state descriptions are isomorphic if and only if one could be turned into the
other by a permutation of the individual constants of the language: thus Q4(a) A Qg(b)
is isomorphic in a two name language to Qg(a) A Q4(b). It is useful to group isomor-
phic state descriptions together. A maximal group of isomorphic state descriptions
is called a structure description: a structure description is the set of all state descrip-
tions isomorphic to a given state description. The structure descriptions of a language
constitute a partition of the set of state descriptions.

It will be useful in seeing how this all works to consider an extremely simple lan-
guage. Suppose this language has three individual terms (names), “a,” “b,” and “c,” and
two descriptive predicates “F”” and “G”. In this language there are four Q-predicates:

Oi(x) FxAGx
O)(x) FxA—-Gx
0Oi3(x) —FxAGx
04(x) —FxA-Gx

The number of state descriptions is 4* = 64. (In a language with two individuals
and two predicates the number of state descriptions is (22)> = 16.) The first eight of
them are

Qian Q1bAQic Qran Qb A Qic
Ora N Q1b A Qs Ora A Qab A Qsc
Ora N Q1b A Qsc Qra A Q2b A Qsc
Ora A Q1b A Qque Q1a A Qrb A Qe

The first thing to observe is that every consistent sentence of the language can be
expressed as a disjunction of state descriptions. “Fa A Ga A Fb A Gb” is equivalent to
the disjunction of the four state descriptions in the first column. The statement “There
is at least one thing that has the property F” can be translated into a disjunction of
state descriptions. The statement “Everything has the property F and the property G”
is equivalent to the first state description or the universal quantification of Q;(x).

It should be observed that, but for the constraint that each name in the language
names a different entity, state descriptions are similar to models of the language,
having a given domain. Indeed, that is the way Carnap thought of them: not as
linguistic entities, but as propositions, or “possible worlds”, in the sense in which we
are using that term.

The state descriptions in any disjunction are called the range of that statement: they
constitute the set of the state descriptions that make the sentence true. An inconsistent
statement is equivalent to the denial of all state descriptions. Its range is empty.

Noting that state descriptions are logically exclusive, we observe that if the measure
m satisfies the probability calculus, the measure assigned to any consistent sentence
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will be the sum of the measures assigned to the state descriptions in its range. We
have achieved another level of reduction. If we assign each state description or pos-
sible world a measure that is a positive real number, such that the sum of all these
numbers is 1.0, then the measure of every sentence in the language has been deter-
mined. (Any inconsistent statement, having a range of zero state descriptions, will
get the measure zero.) But if m is defined for every sentence in the language, then
the degree of confirmation ¢ is defined for every pair of sentences of the language,
provided the second—the evidence—has positive measure.’

Carnap’s problem has been reduced to that of finding a measure m for state de-
scriptions.

A natural possibility is to assign each state description in the language the same
measure. One might even motivate this assignment by a principle of indifference; re-
stricted to this language, the principle of indifference is even demonstrably consistent.
This measure function is denoted by m.

The problem with this measure is that it precludes learning from experience in a
natural and desirable sense. We may see this as follows: In our example language, we
can calculate the measure mf(Fc); it is %—its range consists of 32 state descriptions
of the original 64, each of which has measure 6i4. Suppose now that we explore our
world, and gather evidence. We look at objects a and b, and discover that they are
both F. That surely should raise our confidence that c, too, is F. But the confirmation
function ¢' that corresponds to m' has the following value for this case:

mi(Fa AFbAFc) 1

T — —
c'(Fc|Fa A Fb) mi(Fa A FD) 5

Taking account of our evidence has not changed our logical probability. The statement
F(c) is probabilistically independent of the evidence provided by other statements
involving F, F(a), and F(b). That everything else is F has notincreased the probability
that the last thing in the universe is F. In a certain sense, we have not learned from
experience.

Carnap next suggests a measure function m*, which assigns equal weights to
each structure description, and then divides that weight equally among the state
descriptions in that structure description. (Recall that a structure description is a set
of isomorphic state descriptions.) The idea can be best understood if we look at
Table 4.1. There are 20 structure descriptions that are equally weighted. The weight
of a structure description is divided among the state descriptions that belong to it to
obtain the measure assigned to each state description.

The corresponding confirmation function, ¢*, satisfies the intuition that we should
expect the future should be like the past: if all observed objects have been F, then we
should have an increased expectation that the next object should be F also:

*FaNFbAF 2
m’(Fa ) _2_o067
m*(Fa A Fb) 3

¢*(Fc|Fa A Fb) =

Because m*(F¢) = %, we have learned from experience.
There are, of course, other ways of distributing weights (or logical measures, or
logical probabilities) among the state descriptions of a language. However it is done,

Carnap in [Carnap, 1950] restricted his attention mainly to what he called regular languages—Ilanguages in
which no state description received zero measure.



Table 4.1: Values of m*

Structure Weight  State description =~ Measure
All 0 5 QianQibAQic >
301,50 0 QianQibA Qe &
Qia N O2b A Qic =
Ora N Q1b A Qic =
%Qh%Q% % Qia N Qb A Qsc %
Qia A QsbAQic %
Qza N Q1b A Qic 6—10
301,30 % Qra N Q1b A Quc &
Qia N Qub A Qic =
Qua N QibAQic =
101,30, 5 Q1a A Qb A Qac &
Ora N Q1D A Qac =
Ora N Qb A Qi =
lQh%QS 21—0 Qia N Qszb A Qsc %
Osa A Q1b A Qsc 6—10
Qsa A Q3b A Qic &
301,504 % Q1a A Qsb A Quc &
Qua N Q1b A Qye =
Quqa N Qsb A Qic =
301,702,305 % Qia N Qb A Qse o5
Qia N Q3b A Qsc o5
0sra N Qb A Qsc 710
Ora N Q3D A Qe =
Osa A Q1b A Qsc ﬁ)
Qsa A O2b A Qic =
301,502, 504 % Qia N Qb A Quc =
Qi1a A Qub A Osc =
Ora N Q1b A Quc 5
Qca A Qub A Qe %
Qsa N Q1b A Qsc =5
Qsa N Qrb A Qic ﬁ
301,303, Q4 % Qi1a A Qsb A Quc =
Qia A Qab A Qsc ﬁ)
Qsza N Q1b A Qye =
QOsa A Qsb A Qic =
Qua N Q1b A Qsc s
Qua N Q3b A Qic %
All 0, 55 0a A Q2b A Qsc =
502,503 5% 0ra A Q2b A Qsc =
Ora A Q3D A Qac =
Osa A Qb A Osc 6—10



LOGICAL INTERPRETATIONS OF PROBABILITY 85

Table 4.1: Continued

Structure Weight State description =~ Measure
2 1 1 1
502,304 20 02a A O2b A Quc %
1
02a A Qub A Orc 5
1
Qaa A O2b A Qac %
1 2 1 1
302,503 2 Qra A Q3b A Qsc 5

Osa A Qab A Qsc &
Osa A Q3b A Qac &
302,504 % 0ra A Qab N Qye &
Qsa N Qob A Qyc %
Qua A Q4b A Qs %
102,105,100 & QanQbAQie
02a A Qub A Qsc ﬁ
Oza A O2b A Quc =
Osa A Q4b N Qsc 5
Qsa A Q2b A Qsc 5
Qaa A Q3b A Qsc ﬁ
All Q3 3% 0sa A Qsb A Qsc =
%QL %Q4 % Osza A Qzb A Quc 61—0
QOsa A Q4b A Q3¢ &
Qsa A O3b A Qsc %
%Qm §Q4 % 0sa A Qsb A Quc %
Qsa A Q3b A Qye &
Qsa A Q4b N Q3¢ &
All Q4 2]—0 Qaa A Qsb N Qye 21—0

though, the sum of the measures assigned to the state descriptions or models of the
language should be 1.0. In addition, Carnap imposes the requirement of regularity:
This is the requirement that no state description be assigned a measure of 0. This is
to reflect the fact that before we have gathered any evidence about the world, no state
description should be regarded as impossible.

An immediate consequence of this is that the degree of confirmation of any univer-
sal statement of the form " (Vx)¢ , in a language having an infinite domain, is 0, and
remains 0 regardless of what evidence we have, unless the condition ¢ is tautologous.

Many of the restrictions within which Carnap worked have been relaxed by
other writers. The restriction to languages containing only one-place predicates was
lifted by Carnap himself in later work [Carnap, 1971; Carnap, 1980]. Other writers
[Hintikka, 1966; Niiniluoto, 1976] have provided systems in the spirit of Carnap
that allow universal generalizations to be given finite probabilities (and thus to be
increasingly confirmed by their instances).

Logically, there is no need to restrict the language. Consider a fixed countable
domain. The models of a first order language with this domain (possible worlds) are
countable. These models may play the role of Carnap’s state descriptions. Because



86 INTERPRETATIONS OF PROBABILITY

there are only a countable number of them, it is possible to assign a discrete measure
to them. (Order them, assign the first a measure 1 the second a measure %, etc.) Every
sentence picks out the set of these models in which it is true. The sum of the measures
of those models in which the sentence is true is the measure m of that sentence. This
measure is a probability measure. The sample space S is just the set of models. The
subsets picked out by sentences of the language form an algebra or a o -algebra. (The
set of models picked out by "—¢ ' is just the complement of the set of models picked
out by ¢, and the set of models picked out by "¢ v v ' is the union of the set of
models picked out by ¢ and by . Carnap’s languages, having a finite domain, have
no need of countable additivity, but a language having a countably infinite number of
constants or implying the existence of a countably infinite number of objects would
require countable additivity.)

The standard by which we judge such logical systems of probability as that of-
fered by Carnap seems to be the intuitive appeal of their results: m*, for exam-
ple, is more appealing than m'. There thus seems to be an unavoidable arbitrari-
ness in the assignment of measures to the state descriptions of the language; the
fundamental step in the design of logical probabilities seems to be immune to
critical assessment. Many writers [Bacchus, 1992; Halpern, 1990; Morgan, 1998;
Leblanc & Morgan, 1983] seem to think that from a logical point of view our concern
should be with the logical implications of an arbitrary probability assignment, rather
than what particular probability assignment we start with.

Butifitis arbitrary anyway, we might as well bite the bullet and say that probability
is a matter of personal beliefs rather than a matter of logic. It is a remarkable fact that
such an approach can have plausible and interesting results. We shall explore this
approach in the next section.

We may also ask what relevance these logical probabilities have to uncertain
inference. Carnap’s view is that properly speaking there is no such thing as uncertain
inference. When we speak casually, as of course we do, of inferring a consequence
from data or premises that do not entail that consequence, we should strictly be speak-
ing of assigning a probability to that consequence, relative to the premises, together
with what else we take ourselves to know. Because degree of confirmation repre-
sents a necessary relation, the inference that leads to the assignment of a conditional
probability is a straightforward deductive inference. Thus, induction is the deduc-
tive computation of probabilities of statements that go beyond the entailments of our
evidence. The same is true of the subjective view of probability: science consists in
updating the probabilities that we assign to hypotheses and predictions that are not
entailed by the data we have.

If there were an agreed-on assignment of probabilities to the propositions of a
canonical language of science, this would be a live option as an approach to induc-
tion. There is no such agreement, and there seems to be little prospect of such an
agreement. If there were agreement about the measure function m, it could still be
questioned whether or not there is anything more to say. There are some who would
claim that there are good reasons for supposing that there is a rationally defensi-
ble reconstruction of inductive inference that takes the full acceptance of uncertain
conclusions as central. A number of the arguments for this point of view will be con-
sidered later, when we consider the positive and negative aspects of the acceptance
of uncertain conclusions.
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4.5 Subjective Interpretations of Probability

According to the logical approach to probability, probability is to be legislative for
rational belief. This means that if your total body of evidence is ¢, the degree of belief
it would be rational for you to have in & is exactly P(h | e). But what is rational belief?
Or belief in general? For that matter, how can we get at this elusive set of formulas
that we simplistically call “your total body of evidence”?

Many writers would construe degree of rational belief as a disposition to act. The
classic challenge to someone who claims an unusual belief is to invite him to put
his money where his mouth is. Less crudely, the philosopher F. P. Ramsey [Ramsey,
1931] suggested that the degree of one’s belief in a proposition could be measured
by the odds that one is willing to take in a bet on that proposition. For example, if I
am just willing to bet at even odds on the truth of the proposition that the next toss of
this coin will yield heads, but unwilling to offer any better odds, then that is evidence
that my degree of belief in the proposition is a half.

Once we construe probability as concerned with actual degrees of belief, we have
also solved the problem of the representation of “total evidence”. Our total evidence
is whatever led us to our actual degrees of belief; it need not be given any explicit
representation.

4.5.1 Dutch Book

Ramsey shows that if you are willing to take any bet on a proposition at odds cor-
responding to your degree of belief in it, then your degrees of belief conform to the
laws of the probability calculus if and only if it is impossible for a clever bettor to
devise a set of bets under which you will lose, no matter how the facts turn out.

For example, if you are always willing to bet at odds of two to one on heads (that
is, you will bet two dollars against one dollar that the next toss lands heads) and
always willing to bet at odds of two to one on tails, the clever bettor will simply take
both bets. If the toss yields tails, the bettor wins two dollars on the first bet but loses
a dollar on the second. If the toss yields heads, the bettor loses a dollar on the first
bet but wins two dollars on the second. In either case, you have lost a dollar.

In general, the relation between odds and probabilities (on this view) is this: The
probability you attribute to a proposition S is P(S) if and only if you are willing to bet
in favor of S at odds of P(S) to 1 — P(S), but at no greater odds. If you are unfamiliar
with “odds,” another way of putting the matter was offered by the statistician L. J.
Savage [Savage, 1966]. Take P(S) to be the price you would regard as fair to pay for
a ticket that will return $1.00 if S turns out to be true, and nothing otherwise. This
comes to the same thing, if we are willing to suppose that you will buy or sell any
number of these tickets at the fair price.

We can now state Ramsey’s result as a theorem.

Theorem 4.1 (Dutch Book Theorem). If F is a finite field of propositions (i.e., closed
under finite unions, and containing the negation of any proposition that occurs in it),
and ‘P is my price function for the propositions in that field, in the sense due to Savage,
then I will be protected against certain loss if and only if ‘P is an additive probability
function.
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Proof: The price function P must have a range in [0, 1], because if there is a
proposition § for which P(S) is less than O or more than 1, I will be selling tickets for
less than nothing, or buying them for more than they could possibly be worth no matter
what happens. Suppose that S and 7" are logically exclusive, and that the values of my
price function for each of them and their disjunction are P(S), P(T), and P(S v T).
We show that if P(S) + P(T) < P(S Vv T), 1 face a certain loss. My opponent® buys
a ticket on S and a ticket on T, and sells me one on the disjunction. Because S and
T are exclusive, only three things can happen: S alone, T alone, or neither. In each
of the first two cases, I must pay out a dollar on one ticket, but I make a dollar on
another. In the third case, none of the tickets pays off. But in every case, I have received
P(S) + P(T), and paid out P(S Vv T). My opponent has made money. I have suffered
a certain loss. The argument is similar, of course, if P(S) 4+ P(T) > P(S v T). The
only way to avoid certain loss is to have P(S) + P(T) = P(S v T). But this is all
that is required to have P be a probability function when we identify the domain of
the function with the field of propositions described. [ ]

A somewhat more powerful theorem can be stated that is alleged to justify count-
able additivity as well as finite additivity. This was first stated by Shimony [Shimony,
1955] and Lehman [Lehman, 1959].

Theorem 4.2. If F is a o -field of propositions (i.e., closed under countable unions, and
containing the negation of any proposition that occurs in it), and P is my price function for
the propositions in that field, in the sense due to Savage, then I shall be protected against
the certainty of no gain combined with the possibility of loss if and only if P is a countably
additive probability function.

Proof: The proof is similar. [ ]

Ramsey claimed that he could find no principle, other than conformity to the
probability calculus, that could plausibly be imposed on a person’s degrees of belief.
“...we do not regard it as belonging to formal logic to say what should be a man’s
expectation of drawing a white or a black ball from an urn; his original expectations
may within the limits of consistency [the limits imposed by the probability calculus]
be any he likes” [Ramsey, 1931, p. 189].

On this view one man’s belief is as good as another’s. If two people disagree,
their disagreement may be treated merely as a datum. At the same time, in many
areas people’s degrees of belief are in fairly close agreement—we all assign a degree
of belief of about a half to heads on the next toss. On this account, we can simply
accept agreement or disagreement as a given datum and proceed from there. Of
course, that leaves the prevalence of agreement, where it exists, as something to be
explained.

In this sense, the subjective view is maximally tolerant, and tolerance is generally
regarded as a virtue. Another reason for the current popularity of the subjective
theory is that it seems to be minimally committal. The subjective theory implies only
relatively weak constraints on the degrees of belief that man has. It only requires
our degrees of belief to satisfy the axioms of probability calculus. The theory is
maximally tolerant and minimally restrictive.

3The opponent in these arguments is often referred to as “the bookie,” and it is in allusion to bookies’ slang
that the arguments are referred to as “Dutch book arguments.”
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There are arguments other than the Dutch book argument for normative role of the
probability calculus in governing degrees of belief. Howson and Urbach [Howson &
Urbach, 1993, pp. 75-76], for example, find sufficient motivation in the somewhat
different notion of fairness of bets: if I think fair odds on rain are 2:3, then I am
rationally obliged to think that odds of 3 : 2 against rain are fair.

4.5.2 Conditionalization

If this were as far as the subjective view of probability went, it wouldn’t be very in-
teresting. As a static theory of idealized degrees of belief, it could be psychologically
interesting (though easy to falsify, if construed literally), but would be of little interest
to logicians, epistemologists, and statisticians, not to mention philosophers of science
and computer scientists. It would certainly cast little light on the issues of inductive
inference. The importance of the theory stems largely from its employment of con-
ditionalization in revising degrees of belief. In fact, what is called “Bayesianism”
is characterized mainly by the importance it attributes to Bayes’ theorem and condi-
tionalization.

Recall that the conditional probability of S given T, P(S|T), when P(T) > 0,
is taken to be P(S A T)/P(T). The subjectivist interpretation of probability claims
not only that our degrees of belief ought to conform to the probability calculus
in a static sense, but that our degrees of belief should be modified, in the light of
new evidence, by conditionalization. That is to say, when we observe T, we should
replace our old probability function P by the new one Pr, where for every S, Pr(S) =
PSS AT)/P(T)=P(S|T).

We must be a bit careful here with our talk of “old” and “new” probability func-
tions. The “new” probability function we are exhorted to adopt is not really new: it
is simply the “old” conditional probability. As Keynes pointed out [Keynes, 1952],
it is an error to think of new evidence as “correcting” an old probability. What new
evidence does is make a different argument or a different measure relevant. If our
belief in S is P(S | B), where B represents our background evidence, and we obtain
new evidence T, our belief in S should become P(S | B A T). This is the same two
place probability function we had before, but with a different argument in the second
place: B A T rather than B. We have, and need, only one probability function: P. This
is true, of course, of logical probabilities as well as subjective probabilities.

There is an argument for the claim that we should update our probabilities by condi-
tionalization, too, but it is not as straightforward as the argument for static conformity
to the rules of the probability calculus. Let Pr be my conditional price function—that
is, the price I would take to be fair for a ticket that returns a dollar if T is true and its
argument also turns out to be true, but whose price is refunded if 7 turns out to be
false. Let us call such a ticket a ticket conditional on T'; it is a ticket that is refundable
if T fails to be true. This definition allows us to prove the following theorem.

Theorem 4.3. If F is a field of propositions, P and Pr are my price functions as defined
above, P is a probability function, P(T) > 0, and the truth of T is settled before that of S,
then I shall be protected against certain loss if and only if Pr(S) = P(S A T)/P(T).

Proof: Assume Pr(S) > P(SAT)/P(T). My opponent the bookie sells me
N > 1/P(T) tickets on S conditional on 7. He sells me a ticket on T at my price,
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Pr. If T fails to occur, the first bets are called off, but he keeps the price of the
ticket on 7. If T does occur, he has to pay me a dollar, but then he buys N tick-
ets on S at the price of P(S A T)/P(T). I must regard this price as fair, since it is
PSS AT)/[P(SAT)+ P(—S A T)], and that is just the original distribution of my
belief between S and —S in the case where T is true. Whether or not S occurs, we
break even on the payoffs; but since N Pr(S) is greater than N(P(S A T)/P(T)), he
is ahead in virtue of the original tickets bought and sold. A similar argument works
for the case in which Pr(S) is smaller than P(S A T)/P(T). [ |

The import of this theorem for the subjectivist is that I should change my degrees
of belief by conditionalization as I obtain more evidence.

But how can one take seriously the proposal that all we can do with probability
is to protect ourselves against ingenious bettors? Probability plays a role in statistics
and in science generally; can we account for that role on the basis of an interpretation
of probability as mere personal opinion? The claim that probability can be useful
even when it is interpreted as personal degrees of belief can be buttressed by a
remarkable theorem due to the Italian statistician and probabilist Bruno de Finetti
[de Finetti, 1980]. The upshot of the theorem is that under certain circumstances,
as two individuals gather more evidence about a certain sequence of events, their
personal probabilities regarding a future occurrence of an event in that sequence will
converge. This is an important result, and though the theorem is complex, it will be
worthwhile following its steps.

A preliminary notion is that of exchangeability. We say that a sequence of values
0 and 1 of the random quantity X is exchangeable according to a probability function
P if and only if (a) P(X; =1)="P(X; = 1) for all i and j, and (b) the probability
of any conjunction of values, P(X; = v A--- A X;, = vy), is the same for every
permutation of the values vy, ..., v,. The order of the occurrence of 0’s and 1’s is
irrelevant—only the number of 0’s and the number of 1’s count.

An example that appeals to intuition is the sequence generated by draws from
an urn, with replacement, where a 0 corresponds to a white ball and a 1 corre-
sponds to a black ball. We don’t know what the frequency of 0’s is, but before
sampling, we would assign the same probability to O on the sixth draw as to 0 on
the tenth draw. Furthermore, we take the order of the draws to be irrelevant, and
so would assign the same probability to the outcome sequence (0,0, 1,0, 1, 1) as to
0,1,0,1,1,0).

Theorem 4.4 (de Finetti’s Theorem). Let a sequence of 0’s and 1’s represent a se-
quence of trials on which a certain kind of event may occur, with 0 representing nonoc-
currence and 1 representing occurrence. Two probability functions P4 and Pp represent
the opinions of two people about the probability of the kind of event in question. Both in-
dividuals take the sequence of events to be exchangeable. Provided neither P4 nor Pg is
extreme (assumes independence, or assigns probability 1 or probability O to all events in
the sequence), for any € there is an N such that if A and B have shared a sample of length
N as evidence, the probabilities they assign to the next trial resulting in a 1 will differ by
less than e, with probability greater than 1 — § for each of A and B.

Proof: Let X; be the ith member of the sequence. Let P4 (X; = 1) = my = E4o(X)),
PB(X,‘ = 1) =mp, PA(X,' =1A Xj, = l)ISA ZEA(X,‘XJ') for i ;é j, and PB(X,' =
IA X;j=1)=spfori # j. Letting E, be the evidence provided by a sequence of
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n trials, we will show that after n trials both A and B take the difference between the
relative frequency of the event on the observed trials and the relative frequency of
the event on a long subsequent sequence to be almost certainly less than € /2. In view
of the exchangeability of the events, the expectation of the relative frequency in the
subsequent sequence must have the same value as the conditional probability of the
n + 1st event occurring, conditional on the observation of n trials. The strategy is to
show that E(|rf(E,) — rf(E})| < €/2 for each of A and B, where rf(E,,) is the relative
frequency of the event among the first n trials and rf(Ey) is the relative frequency of
the event on a subsequent sequence of k trials.

We compute both E(tf(E,,) — rf(E})) and D*(tf(E,)) — tf(Ey)) for each of A and B,
where E}, is a subsequent sequence of k trials. We obtain E4 (rf(E,,)) =(1/n)(E4(X) +
Ea(X2) + - -+ Ea(X,)) = my and E4(1f(E,) — rf(Ey)) = 0. Similarly Eg(tf(E,,) —
f(Ey)) = 0. Both A and B expect to find a relative frequency close to their prior prob-
ability of X; = 1.

But

D (tf(E,) — rf(Ey) = EA((f(E,) — tf(EQ)?) — (BaGf(E,) — rf(Ey)))?
= EA((f(Ey) — rf(ER))?)

and

i=1 i=n+1
1 n 5 2 1 n+k 5 2
=Ea— | (07 +Eaz | 2 (X0
n i=1 i=n+1
( 2 i=n§n+k )
nk i=1,j=nt1,i%k

1 1 2
= —[mmg+nn—1)sp]l+ —=lkms +k(k — 1)sa] — —nksy
n? k2 nk
1 n 1 N n—1 n k—1 5
k n ma n k 54

. 1 1
= (; + %> (my —s4)

Having calculated the variance of the quantity rf(E,) — rf(E;), we apply
Chebychef’s theorem:

4 (1 1
Pa (IM(ED) —1H(EDI = 3) < 5 (; + E) (s —52)

The length k of the subsequent sequence may be arbitrarily large; we are only using
that sequence to pass from expected frequency to probability. We can thus make the
probability, for A, that the difference between the two relative frequencies is less than
5 as large as we want by choosing n large enough; in particular we can make it larger
than 1 — 6.

The same can be said for B. If we take N to be the size of the larger of the two
samples, we can say that both A and B can be practically certain that after a sample of
this size, they will assign probabilities to the occurrence of the event on the N + 1st
trial that differ by less than €. [ ]
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This important fact (and more general versions of it) went a long way toward
making the subjective interpretation of probability respectable among statisticians,
though itis fair to say that most statisticians do not accept the subjective interpretation.
The appeal to the phenomenon of the “washing out of priors” has been especially
common among philosophers of Bayesian bent.

We should notice the conditions of the theorem, however. It is required that both
A and B hold the sequence in question to be exchangeable. This means roughly that
the probability assigned to every ordering of the results in a sample is the same: 50
heads followed by 50 tails must have the same probability as any other ordering of 50
heads and 50 tails. It is required that neither A nor B hold an extreme opinion—for
example, one, embodying independence, that takes P(X; = 1 A X; = 1) to be equal
to P(X; = 1)P(X; = 1), or one that takes P(X; = 1) to be equal to zero or equal to
one. The theorem also does not specify how large N must be in general, though
the proof gives a way of calculating it for the case under discussion. It could turn
out to be impracticably large, and anyway we do not always have the freedom to
gather samples large enough to come to agreement about probabilities before making
a decision; there always comes a time when we must make a decision based on the
evidence we have at that time.

Furthermore, the theorem assumes that both A and B have patterns of belief that
satisfy the probability calculus. This is unlikely to be true for any actual person,
and the subjective view does not assume that it is true. The subjective view assumes
merely that a rational agent, when he discovers an “incoherence” among his degrees
of belief, will change his beliefs so that they more closely reflect the probability
calculus. However, there are many ways in which those changes could be made. It is
unclear that in the face of such changes the import of the theorem would hold.

Nevertheless, the subjective view of probability offers enough to enough people
that it is now one of the mainstream interpretations of the probability calculus, par-
ticularly among philosophers. The strongest argument for adopting that view is a
negative one, reflecting Ramsey’s position: No principles, other than those embodied
in the probability calculus, seem (to subjectivists) to be defensible as principles of
rationality.

For quite different reasons the subjective view is often adopted in artificial intel-
ligence. Many of those who work in artificial intelligence are concerned to get things
done, to accomplish certain practical goals. Often these goals involve the manipulation
of uncertainty. The subjective interpretation of probability allows them to move ahead
on the basis of opinion. This works out, since the “opinions” that are taken as basic in
a given domain are often the opinions of experienced experts in that domain, and these
“opinions” are often based on extensive objective data. It is questionable whether the
adjective “subjective” is an appropriate one in these contexts.

In Scientific Reasoning: The Bayesian Approach [Howson & Urbach, 1993]
Howson and Urbach defend the twofold thesis that (1) scientific inference consists
of assigning probabilities to hypotheses, just as the logical theorists would have it,
but (2) probabilities represent “ideal” personal degrees of belief, and are not to be
constrained by anything beyond the probability calculus, just as Ramsey said. De
Finetti’s theorem provides an explanation of why responsible parties with access to
all the evidence tend (roughly) to agree about their assessments of probability. What
to do when the conditions of de Finetti’s theorem are not satisfied is left open.
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In this connection, it is interesting to note some recent results [Seidenfeld &
Wasserman, 1993; Seidenfeld & Wasserman, 1994] that show there are also circum-
stances under which an expansion of evidence leads the agents toward more extreme
differences of opinion.*

The Bayesian view is currently quite popular in philosophy, for the reasons already
mentioned: It is maximally permissive, and yet demands conformity to a defensible
and useful structure. The important question is what it has to tell us about uncertain
inference. It is easy to say that it tells us nothing about uncertain inference: no
inferring, according to this point of view, is in the least uncertain. What the Bayesian
view gives us is a number of constraints that our inferences about uncertainty should
satisfy. But that is another matter altogether; these inferences themselves are certain
and deductive.

That the subjective view tells us nothing about uncertain inference may not be
to the point. It does purport to tell us what uncertainty is and how to manipulate it.
Like the logical view, it regards the very idea of uncertain inference as a mistake.
What we should be looking at is the way in which we modify our uncertainties in
the light of evidence. As Isaac Levi pointed out long ago [Levi, 19671, however, it is
hard to justify the prohibition against starting over with a new coherent probability
function whenever you find that conditionalization has led you to a state you regard
as unreasonable. What he calls “temporal conditionalization” is hard to defend.

Nothing we have said in criticism of the subjective point of view establishes that
there is anything better. It may be that there are no rules or principles for uncertain
inference. If not, and if there are no general principles for the assignment of prior
probabilities of the sort that the logical interpreters suppose there are, then, as Earman
says [Earman, 1992] subjectivistic Bayesianism is the only game in town. If that is
the case, then both classical statistical inference and the commonsense view of induc-
tive reasoning are in fundamental error, for both of these views embody the idea of
the acceptance (or rejection) of hypotheses going beyond our current data. If all we
need do is make decisions, and all we are concerned with is logical and probabilistic
consistency, then perhaps the subjectivistic Bayesian view can give us all we deserve.

4.6 Summary

Each of these broad standard interpretations of the probability calculus has its ad-
vantages and its difficulties. The empirical interpretation of probability is clearly
the kind of thing that most scientists have in mind when they propose probabilis-
tic laws, when they report probabilistic regularities. It is the concept of probability
that underlies almost all the work in statistical inference and, therefore, the use of
probability in assessing experiments and reporting results in both the social and the
physical sciences. The main difficulty with the empirical interpretations is that they
do not provide us with a way of measuring uncertainty in any particular case. If what
probability means is a frequency in a class, or a chance in a chance setup, it cannot
depend on what we know or don’t know. But this relativity is clearly required of any

“It is worth observing that these circumstances are pretty rare, though they can arise in the case of almost any
distribution. Essentially they amount to the case when one agent takes a kind of evidence to be favorable, and the
other takes it to be unfavorable, to a given type of event.
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measure of uncertainty in inference from known evidence. In general the empirical
interpretations of probability were designed, not for measuring the uncertainty of
inference, but for expressing stochastic facts about the world, and for this they are
admirably suited. The issue of which empirical interpretation is the most appropriate
is an issue—and a deep issue—in what might be called the metaphysics of science,
and this issue lies beyond the scope of our concerns in this volume. On the other
hand, there may be a way in which empirical probabilities impinge on the uncertain
inferences we make. We will come back to this possibility in a later chapter.

The logical approach to probability was designed explicitly for dealing with the
uncertainty of inferences we make from empirical data. Many scholars think it fails,
for several reasons.

(1) It presupposes a formal (usually first order) language, in which the sentences
concerning a certain domain of science can be expressed. Few parts of science
have been given an explicit formalization.

(2) Given a formal language, the assignment of logical measures to its sentences is to
some degree arbitrary. Carnap’s original work, in which c¢*and cfwere given as
examples of confirmation functions, was succeeded by a more general study in
which a whole continuum of inductive methods, parameterized by a real-valued
quantity A, was offered. In Carnap’s last work two parameters were thought
necessary. In related work by other authors [Hintikka, 19661, three, four, or five
arbitrary parameters have been suggested.

(3) Finally, one may question what the enterprise has to do with uncertain inference. It
clearly has to do with uncertainty: we can measure the degree of confirmation of
one sentence by another sentence or a set of sentences representing our total
evidence. We infer the degree of confirmation, if you will, but that inference (given
that we have accepted a particular logical measure function) is not at all uncertain.
Even if the evidence e gives the hypothesis 4 a very high degree of confirmation,
that does not entitle us to make the inductive leap of accepting 4.

The subjective interpretation of probability is a natural one for expressing the
uncertainty we feel about some statements; it provides a natural basis for decision
theory, to which it is very closely related. But, in addition to suffering the same
awkwardness with regard to inference that the logical theory does, it suffers also from
arbitrariness. We said that it was an interpretation of probability that was maximally
liberal and minimally constraining. And so it is. De Finetti’s theorem speaks directly
to that difficulty, by pointing out that as evidence accumulates for two reasoners,
their personal probabilities will become closer, provided certain conditions are met.
But the theorem does not always apply—its conditions may not be met. Furthermore,
even if the theorem does apply, the two reasoners may not have opinions that are
close enough at a given time for them to agree on a choice or a course of action at
that time.

All three of these major types of interpretation of probability are found in the
contemporary literature, and all three are ably defended by numerous scholars. It
seems clear, as Carnap was the first to point out in detail, that there is room for
more than one interpretation of probability. In subsequent chapters we will examine
a number of the ways in which various of these views have entered into the theory of
uncertain inference.
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4.7 Bibliographical Notes

John Venn [Venn, 1866] was the first to suggest regarding probability as the limit
of a relative frequency, but he was not clear about how you could approach a limit.
Richard von Mises [von Mises, 1957] is generally credited with being the father of
the modern frequency theory, and, more or less accidentally, he started the modern
theory of randomness. D. H. Mellor [Mellor, 1971] holds a propensity interpretation
of probability; other varieties have been offered by Giere [Giere, 1973] and Fetzer
[Fetzer, 1977]. The most common statistical attitude is clearly presented by Harald
Cramér [Cramér, 19511, who takes probability simply to be the “abstract counterpart”
of frequencies, and forgoes any attempt to provide it with an explicit definition.

The earliest efforts at a logical interpretation of probability were those of von Kries
[von Kries, 1886]. John Maynard Keynes, inspired by the work in logic of Russell and
Whitehead, wrote A Treatise on Probability in 1921 [Keynes, 1952]. Keynes took the
probability concept to be a logical one, but did not offer a definition. The most famous
logical approach is that of Carnap, who systematically defined measures on formal
languages to serve as a foundation for probability [Carnap, 1950; Carnap, 1952].
Following him in this were Hintikka [Hintikka, 1966], Hilpinen [Hilpinen, 1966],
Tuomela [Tuomela, 1966], Niiniluoto [Niiniluoto, 19761, and others. Contemporary
work along the same lines is pursued in computer science by Aleliunas [Aleliunas,
19901, Halpern [Halpern, 1990], and Bacchus [Bacchus, 1992].

The two (independent) founders of the subjective interpretation of probability were
the statistician Bruno de Finetti [de Finetti, 1980] and the philosopher Frank P. Ramsey
[Ramsey, 1931]. In statistics the interpretation owes its success largely to the work of
L. J. Savage [Savage, 1954]. A relatively elementary exposition of the theory, from a
philosophical point of view, will be found in Skyrms’s Choice and Chance [Skyrms,
1966]. Richard Jeffrey, in The Logic of Decision [Jeffrey, 19651, exploited the rela-
tion between subjective probability and utility theory. The most recent book (1993)
defending the subjective view is that of Howson and Urbach [Howson & Urbach,
1993]. Another philosopher, whom one might not want to call a subjectivist, but who
has much in common with that point of view, is Isaac Levi [Levi, 1980].

4.8 Exercises

(1)  Give a formal specification of “mixing” collectives, and show that if K| and K, are
collectives, in which the limiting relative frequencies of H; and H, exist and are
equal to p; and p,, then the limit of the relative frequency of H; v H, exists and is
equal to p; 4 p; in the mixture of K| and K».

(2)  “The probability is at least 0.95 that the probability is between 0.6 and 0.7 that a
person who receives a commendation in this organization is a man.” Discuss the two
occurrences of the word “probability” (do they mean the same thing or two different
things?) and the role of the indefinite article “a” in “a person.” What different
interpretations of probability might be appropriate for these two occurrences? Can
we make sense of the sentence using only a single interpretation?

(3) There are three classical interpretations of “probability” in current use: limiting or
finite frequencies; logical relations; subjective degrees of belief. Each has advantages
and drawbacks. Evaluate these virtues and deficiencies when it comes to discussing
problems of uncertain inference. Is there a role for more than one interpretation?
How are those interpretations related, if more than one is involved?
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(4) Richard von Mises and most British and American statisticians would argue that
probabilistic inference is not “uncertain inference”. Explain. This is also true of
many subjectivists. Explain.

(5) Inasimplelanguage Carnap assigns probability % to any consistent atomic statement
S before any evidence is gathered bearing on it. This probability is an a priori prior
probability. Is this assignment of probability % to S based on some principle similar
to the principle of indifference? If so, why so? If not, why not?

(6) Why do many statisticians reject the idea of prior probability? Do you agree with
them? Why or why not?

(7)  What s the point of a “logical interpretation” of probability, as promoted by Carnap
and others? If probability statements are, like theorems of mathematics, empty of
empirical content, then what are they good for?

(8)  “Itis probable that Caesar crossed the Rubicon in March, 55 B.C.” Give a frequency,
alogical, and a subjective interpretation of this statement, and, in each case, evaluate
its truth or explain why you can’t evaluate its truth.

(9) “The probability is about a half that Mary’s child will be a boy.” Give a frequency,
a logical, and a subjective interpretation of this statement.

(10)  “Itis highly probable that a sequence of 100 tosses of a coin will yield between 40
and 60 heads.” “It is highly probable that the next sequence of tosses of this coin
will yield between 40 and 50 heads.” Use these two statements to draw a contrast
between a logical and a frequency interpretation of probability.
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5

Nonstandard Measures of Support

5.1 Support

As Carnap points out [Carnap, 1950], some of the controversy concerning the support
of empirical hypotheses by data is a result of the conflation of two distinct notions.
One is the total support given a hypothesis by a body of evidence. Carnap’s initial
measure for this is his ¢*; this is intended as an explication of one sense of the ordinary
language word “probability.” This is the sense involved when we say, “Relative to
the evidence we have, the probability is high that rabies is caused by a virus.” The
other notion is that of “support” in the active sense, in which we say that a certain
piece of evidence supports a hypothesis, as in “The detectable presence of antibodies
supports the viral hypothesis.” This does not mean that that single piece of evidence
makes the hypothesis “highly probable” (much less “acceptable™), but that it makes
the hypothesis more probable than it was. Thus, the presence of water on Mars
supports the hypothesis that that there was once life on Mars, but it does not make
that hypothesis highly probable, or even more probable than not.

Whereas ¢*(h, e) is (for Carnap, in 1950) the correct measure of the degree of
support of the hypothesis /4 by the evidence e, the increase of the support of i due
to e given background knowledge b is the amount by which e increases the proba-
bility of 4: ¢*(h, b A e) — ¢*(h, b). We would say that e supports & relative to back-
ground b if this quantity is positive, and undermines # relative to b if this quantity is
negative.

One does not have to interpret probability as a logical relation in order to find this
distinction useful. It has been adopted by many Bayesians of the subjective stripe as
well. There is clearly a difference between the probability that E confers on H and
the increase of probability given by the evidence E: the difference between P(H|E)
and P(H|E) — P(H).

But recognizing the difference between the overall support of H and the degree to
which E increases the support of H—what might also be called the evidential support
given H by E—is not necessarily to agree that P(H|E) — P(H) is the best measure
of evidential support. A number of writers have argued that the guidance we need
for handling uncertainty in inference is best given by other functions of measures on
sentences.
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5.2 Karl Popper

One philosopher whose views have been extensively honed against those of Carnap is
Karl Popper, who has devised his own measure of evidential support.! Popper’s views
on uncertain inference stem from his general views concerning scientific discovery:
for him what is most important is our ability to choose among alternative scientific
hypotheses.

In The Logic of Scientific Discovery [Popper, 1959], Karl Popper presents the
uncontroversial thesis that theories cannot be shown, by any finite amount of empirical
evidence, to be true. Instead, theories can either be corroborated to some degree by
evidence or they can be shown to be false by evidence. Popper bases his approach to
uncertain inference on the rejection of the principle of induction.

According to Popper, the principle of induction is intended to provide criteria
for justifying inductive inferences. Unlike deductive inference, where the conclusion
follows logically from the premises, an inductive inference proceeds from a set of
singular statements to a universal generalization that is not logically entailed by
those singular statements. The acceptability of the statement “All swans are white”
depends both on the set of singular statements and on an appropriate application of
the principle of induction.

But for Popper “All swans are white” cannot be justified by any number of obser-
vations of swans. If I examine 50 swans and find all of them to be white, that is very
good evidence that those swans are white but it does not ensure that all swans are
white. There are a potentially infinite number of swans covered by the law “All swans
are white”; Popper’s argument is that only by examining all swans (an impossible
task) could we be sure that the theory is true. He puts severe demands on the concept
of justification.

Whereas we can never be sure that a theory is true, we can be sure that a theory
is false. If we claim that “All swans are white” and then discover a black swan, our
claim “All swans are white” has been refuted; we say that the theory is falsified.

Because Popper holds that all theories and laws are universal statements, he finds an
infinite regress in the attempt to justify the principle of induction. Following Hume’s
argument, he argues that the principle of induction cannot be a logical truth, for if it
were, then all inductive inferences would turn out to be merely logical transforma-
tions. These transformations would be just like deductive inferences, and that would
mean that induction was simply deduction. Because inductive inferences are not (by
definition) deductive inferences, the principle of induction itself must be justified.

One such justification would be this: Because the principle of induction works in
applications in science and everyday life, we have reason to suppose that it works in
general. This amounts to saying that there are many instances of past applications of
the principle of induction that have provided successful conclusions. These instances
provide justification for supposing that the principle of induction will be successful in
general. If we use a finite set of instances of the success of the principle of induction
as justification for the principle of induction, then we are once again using finite
instances to prove a general law. We will need some justification for that proof. But
that is what we wanted the principle of induction for! We are back where we started.

I'This controversy is captured in the exchanges between Carnap and Popper in [Lakatos, 1968].
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“Thus, the attempt to base the principle of induction on experience breaks down,
since it must lead to an infinite regress” [Popper, 1959, p. 29].

Once we reject the claim that experience can tell us about the truth of universal
laws, we might imagine that experience can give us some degree of reliability for the
universal law, and we might think that this degree of reliability was the probability that
the universal statement is true. But, like Hume before him, Popper rejects this move.

Popper accepts an empirical interpretation of probability, and therefore argues that
this approach also leads us to use the success of previous applications of the principle
of induction to justify future applications of the principle of induction. But, as we
have seen, that approach leads to circularity or an infinite regress.

If evidence cannot determine that a theory is true, and cannot determine even that
a theory is probable, then the purpose of science cannot be to determine that theories
are true or probable. According to Popper, the purpose of scientific inquiry is to
conjecture theories and put them to the most rigorous tests possible in an attempt to
falsify them. When a theory fails a test, it becomes definitively falsified: we know,
of that general theory, that it is false. Whenever a theory passes a test, the evidence
(the test results) corroborates the theory to some degree, though it does not give it a
probability. An indication of the degree to which a theory is corroborated is given by
taking account of the “severity” of the test. Popper’s approach to uncertain inference
is to seek to formalize this notion of corroboration.

5.2.1 Corroboration

What does Popper mean by “corroboration”? Popper explicitly denies that corrobo-
ration is just a new name for probability [Popper, 1959, p. 2701. Popper is attempting
to measure how well a theory or hypothesis “has been able to prove its fitness to
survive by standing up to tests” [Popper, 1959, p. 251].

A measure of corroboration should tell us how much a law or theory is backed up
by the evidence. If we have laws L, and L, and evidence E that undermines L; but
corroborates L,, then we surely want the corroboration of L, relative to E to be less
than that of L, relative to E: C(L,|E) < C(L;|E). Probability does not guarantee this
result, because the conditional probability depends on the prior probability, as well
as the evidence—we could have P(L;) > P(L,).

The measure of corroboration should influence how we regard a given theory L.
A high degree of corroboration characterizes a theory that we take to be worthy of
additional tests. Science is primarily interested in informational content, and good
theories should have high informational content. But the informational content of the
hypothesis L is high just in case the hypothesis is not very probable. In essence, if a
theory either says very little about the world or if it goes very little beyond what we
already know is true, then the probability that the theory is true is high; while if we
go very far beyond our data, then the probability that the theory is true is low, but the
theory embodies a lot of content, and it is content that we seek.?

Because science wants high informational content, it wants a theory that has a
low probability. If corroboration were simply probability, then science would want

2Popper writes in this vein even though he does not accept a logical interpretation of probability. He does,
however, accept the usefulness of “probability” measures on the sentences of a language, because those measures
reflect information content.
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a theory that is not corroborated very much. But what science wants is theories that
are highly corroborated.

Popper has developed a conception of corroboration that reflects the scientific
desire for high information content. This conception takes account of informational
content and explanatory power. Popper’s formal definition of corroboration depends
on his notion of explanatory power. Although in general Popper interprets probability
empirically, in terms of propensities, in this context he allows that a useful function can
be served by a probabilistic measure over the sentences of the language of science. We
can use this measure to define informational content and explanatory power (Expl):

Definition 5.1 (The Explanatory Power of L with Respect to E). If L is consistent
and P(E) > 0, then
P(E|L) — P(E)
P(E|L) + P(E)

Note that —1 < Expl(L|E) < 1. Clearly Expl is not additive. In terms of Expl,
Popper defines corroboration:

Expl(L|E) =

Definition 5.2 (The Corroboration of L by E).
C(L|E) = Expl(L|E)[1 + P(L)YP(L|E)]

Whereas it must be admitted that this definition does not immediately grab the
intuition, it turns out to have a number of interesting and natural properties. The
following nine theorems correspond to Popper’s “desiderata” [Popper, 1959, pp.
400-401] for a measure of corroboration.

Theorem 5.1.

(@ C(L|E) > 0ifand only if E supports L.
(b) C(L|E) =0 ifand only if E is independent of L.
(¢) C(L|E) < 0ifand only if E undermines L.

Popper wants to set the upper and lower bounds for corroboration to 1 and —1. If
a theory is corroborated to degree 1, then it is true; if it is corroborated to degree —1,
then it is falsified:

Theorem 5.2. —1 = C(=E|E) < C(L|E) < C(L|L) < 1.

Note that C(L) = C(L|L), the degree of confirmability of L, is simply P(—L), and
thus is additive:

Theorem 5.3. 0 < C(L|L) = C(L) = P(—=L).

A theory cannot be corroborated by information that could not have undermined it:
Theorem 5.4. If E entails L then C(L|E) = C(L|L) = C(L).

A theory is falsified when the evidence entails its negation:

Theorem 5.5. If E entails —L then C(L|E) = C(=E|E) = —1.

Corroboration increases with the power of the theory to explain the evidence:

Theorem 5.6. C(L|E) increases with Expl(L|E).
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Corroboration is proportional to conditional probability, other things being equal—
i.e., the prior probabilities being the same:

Theorem 5.7. If C(L|L) = C(L'|L") # 1, then
(@ C(L|E) > C(L'|E') if and only if P(L|E) > P(L'|E").

(b) C(L|E)= C(L'|E") ifand only if P(L|E) = P(L'|E").
(¢) C(LIE) < C(L'|E")ifand only if P(L|E) < P(L'|E").

Proof: P(L|E) > P(L’|E") if and only if
1+ PLYP(L|IE) > 1+ P(LYP(L'|E"); P(L|E) > P(L’'|E’) if and only if
P(LIE) —P(L) - P(L'|E") —P(L)
P(L|E)+ P(L) P(L'|E")+ P(L")

since all terms are positive. |

Theorem 5.8. If L entails E, then

(@ C(LIE)=0.
(b) Forfixed L, C(L|E) and C(E|E) = P(—E) increase together.
(c) For fixed E, C(L|E) and P(L) increase together.

Theorem 5.9. If —L is consistent and entails E,

(@ C(L|IE)<0O.
(b) Forfixed L, C(L|E) and P(E) increase together.
(C) For fixed E, C(L|E) and P(L) increase together.

5.2.2 Levi’s Criticism

In Gambling with Truth [Levi, 19671, Isaac Levi argues that Popper’s notion of cor-
roboration is not adequately tied to his conception of the aim of science. In particular,
Popper does not provide any proof that adopting corroboration as a measure of a good
theory will help us achieve the aims of science.

We can better understand Levi’s objection if we examine it in the light of the
following quotation from Gambling with Truth [Levi, 1967, p. viil:

Scientific inquiry, like other forms of human deliberation, is a goal directed activity. Con-
sequently, an adequate conception of the goal or goals of scientific inquiry ought to shed
light on the difference between valid and invalid inferences; for valid inferences are good
strategies designed to obtain these goals. ... However, knowing what one wants does not
determine the best way to obtain it.

Levi believes that we need to know where we are going before we can determine
how to get there. Once we know where to go, we must determine how to get there in
the best possible way, or at least in an efficient way.

It is quite clear that corroboration is intended to provide a way to achieve the ends
of science. If we have a group of theories that are corroborated to different degrees,
then we should choose the one that is most highly corroborated. This should lead
us to Popper’s goal (or to the aim of science): theories that are true and that have
high explanatory power, content, and testability. But Popper has failed to provide any
proof that corroboration does lead to this result.
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Table 5.1: Corroboration vs epistemic utility

Hy, E, H,, E,
H NE; 0.20 H, NE, 0.02
H, A —E, 0.10 Hy, N —E, 0.01
—-H AN E, 0.10 —-H, N E; 0.10
—H; A —E, 0.60 —Hy N —E; 0.87
C(E\|H;) = 0.46 C(H,|E,) = 0.70
U(H,|Ey) = 0.37 U(H,|Ey) = 0.14

Levi introduces the notion of epistemic utility. Popper’s concerns clearly include
the gain of information obtained from accepting a theory; but his corroboration func-
tion does not lead to the acceptance of the hypothesis with the highest degree of
expected epistemic utility.

Levi gives us a very simple and natural epistemic or cognitive utility measure:
P(—x) is the utility of accepting x when x is true, and —P(x) is the utility of accepting
x when it is false. Using these as utilities, we calculate the expected cognitive utility
of accepting hypothesis x on evidence y to be

U(x]y) = P(x|y)P(=x) — P(=x|y)P(x)

Choosing hypotheses to maximize corroboration does not maximize utility in this
sense. Table 5.1 shows that Popper’s measure of corroboration and Levi’s measure of
epistemic utility yield opposite results: Popper’s measure ranks H; given E; below
H, given E,, and Levi’s measure reverses the order.

In fact, Levi argues that there is no plausible sense of epistemic utility that can be
maximized by maximizing corroboration.

5.3 Other Measures

Other writers than Popper have questioned the use of probability as a basis for in-
duction. Even Carnap, responding to Popper’s objections to probability or degree of
confirmation [Carnap, 1950, second edition], offered a measure designed to reflect
increase of confirmation, as opposed to confirmation: ¢(%, ¢) — ¢(h), which represents
the degree to which e adds to the confirmation of 4.

John Kemeny and Paul Oppenheim [Kemeny & Oppenheim, 1952] follow much
the same program as Popper: they lay down certain intuitively natural conditions of
adequacy for a “measure of factual support”. F(H, E) represents the support given
H by the evidence E. The “simplest” formula that satisfies their desiderata is:

Definition 5.3.
P(E|H) — P(E|-H)
P(E|H)+ P(E|—H

Note that this is the same as the main component of Popper’s corroboration.
Nicholas Rescher [Rescher, 1958] plays this game, too. He defines a notion of “degree
of evidential support”, des(, e), as follows:

F(H,E) =

Definition 5.4.

s = PEO= P00
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Table 5.2: Measures of evidential support

Author Factor 1 Factor 2 Factor 3 Factor 4
Camap  Plelh)—P(e)  P(h) 1 7o
Rescher P(elh) — P(e) P(h) ﬁ 1
Popper Pelh) — P(e) 1 1 m
Kemeny P(elh) — P(e) 1 1 m
Levi Pelh) — P(e) P(h) P 7o

This is just a sample of measures of evidential support that have been offered. What
is interesting about the sample is that while the conditions of adequacy stipulated the
various authors are different (though similar), and the notation and form of the final
definition of corroboration or support vary, in the final analysis there is more in
common among them than meets the eye.

In Table 5.2 I have performed some simple algebraic manipulations designed to
bring out the similarities of these apparently distinct measures. The entries in a row
represent factors, which, when multiplied, yield the corroborative measure suggested
by the author in the first column.

There are several lessons to be learned from Table 5.2. The most important is that
all of these measures boil down to functions of probability measures defined over
the language with which we are concerned. Although the authors start from different
places, and have apparently different intuitions, probability measures on sentences
are basic.

The second lesson is that the first factor, the difference between the probability of
the evidence on the hypothesis and the probability of the evidence, is a fundamental
factor on each of the five different views. The second and third factors reflect a fun-
damental difference between two points of view: one takes the antecedent probability
of the hypothesis to be a positive consideration, the other does not. The fourth factor
is basically a normalizing factor.

None of these measures has achieved any significant degree of acceptance. They
represent the efforts of scholars in this domain to articulate and formalize their intu-
itions regarding the support of hypotheses by empirical evidence. The effort to find a
generally agreed-on sharp measure of this support in terms of probabilities has failed.

5.4 Dempster-Shafer Belief Functions

One of the oddities of the principle of indifference—the principle that if we have
similar information about two alternatives, the alternatives should be assigned the
same probability—is that it yields the same sharp probabilities for a pair of alternatives
about which we know nothing at all as it does for the alternative outcomes of a toss
of a thoroughly balanced and tested coin. One way of capturing this difference is
offered by Glen Shafer in A Mathematical Theory of Evidence [Shafer, 1976]. Glenn
Shafer argues that our belief in a particular proposition should be based explicitly on
the evidence we have for that proposition. If we have very little evidence either way,
we might want to assign a small degree of support (0.2, say) to T but also a small
degree of support, say 0.1, to its denial —T'.
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This approach to the representation and manipulation of uncertainty has been
influential in the past decade and a half in computer science, where the handling of
uncertainty has been the focus of much research.

5.4.1 Belief Functions and Mass Functions

A frame of discernment © is a collection of possible worlds, or a collection of models
with a given domain. It is so called “in order to emphasize the epistemic nature of
the set of possibilities” [Shafer, 1976, p. 76]. The frame of discernment plays the role
of the sample space S in standard probability theory. We also have a field of subsets
X of © that consists of all the possibilities we are going to take seriously. If we are
contemplating the toss of a coin, it may consist of just the four sets {®, H, T, #}. If
we are contemplating a sequence of n tosses of a coin, it may consist of the algebra
whose atoms are the 2" possible outcomes of tossing a coin n times.

Given a particular frame of discernment, we are interested in the function m from
29 to [0, 1]. The quantity m(X) represents the mass assigned to a set X in ®, which
in turn represents the amount of support allocated exactly to that subset X of ®, and
not to any proper subset of X. Of course, we may assign 0 to most of the elements of
29; thus we may focus on a small algebra rather than the whole powerset of ®. The
function m is called a basic probability assignment.

Definition 5.5. If ©® is a frame of discernment, then the function m : 2° — [0, 1] is
called a basic probability assignment provided

(1) m@®)=0and
(2 ng@ m(X) = 1.

The total belief allocated to the set of possibilities X is the sum of all the measures
allocated to X and its subsets. This is given by a belief function Bel:

Definition 5.6. Bel(X) = ZAQX m(A).
We can also provide axioms for Bel directly without using m:

Theorem 5.10. If © is a frame of discernment, then a function Bel is a belief function
if and only if

(1) Bel(®) =0,
(2) Bel(®) =1, and

Clearly there is a relationship between m and Bel, given by the following theorem:

Theorem 5.11. Suppose Bel : 2°© — [0, 1] is the belief function given by the basic
probability assignment m : 2° — [0, 1]. Then

m(A) =Y (-DAX Bel(X) forall AcC®.

XCA

A subset X of a frame of discernment © is called a focal element of a belief function
Bel if m(X) > 0. The union of focal elements of a belief function is called its core.
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In a probabilistic framework, the probability we assign to X determines the prob-
ability of —X. This is not so for belief functions. The degree of belief we have in X
is separate from the degree of belief we have in —X.

For example let ® be a frame of discernment in which our beliefs about the outcome
of a particular coin toss are represented. The coin looks odd, so the focal elements
are heads, tails = — heads, and O itself and the measures we assign to the focal ele-
ments might be m(heads) = 0.3, m(tails) = 0.3, m(®) = 0.4. We may easily calculate
Bel(heads) = 0.3 and Bel(— heads) = 0.3; their sum is less than 1.0.

What is 1 — Bel(—heads) = 0.7, then? It is called plausibility, and represents an
upper bound for belief in heads, as will shortly be explained.

Definition 5.7. PI(X) = 1 — Bel(X).

Example 5.1. For a working example of this approach to uncertainty, consider the rolls
of a suspicious die. The outcomes can naturally be divided into the six alternatives we will
label Oy, ..., Og, corresponding to the number of dots that land uppermost. In the case
of a die we knew to be normal, we would assign mass of % to each of the singleton sets
corresponding to these possibilities. But let us suppose that this is a suspicious-looking die,
and that we are quite sure it is biased so that the one comes up more often than the two, or
vice versa, but that the other sides each occur a sixth of the time.

We may take the long run frequency of ones to have any value between 0 and % with
the long run frequency of twos to be correspondingly biased. We may represent this state
of knowledge by assigning a mass ofé to each of {03}, . .., {Og}, a mass of 0.0 to each of
{01} and {05}, and a mass of% to {0y, O3}

One may think of the mass assigned to any set as confidence that may flow to any subset
of that set. Thus, the mass of % assigned to {01, O,} may potentially be assigned to its
subsets in any proportion, corresponding to any bias.

The universal set ® may also be assigned mass. Thus, to embody the belief that a die
has an unknown bias, but nothing so severe as to reduce the frequency of any side below
%, we could assign a mass of 0.10 to each singleton set { O}, ..., {O¢}, and a mass of 0.4
to the universal set ©. This leads to the assignment Bel({O:}) = 0.10 and PI({0;}) = 0.5.

5.4.2 Reduction to Sets of Probabilities

It should no longer surprise us to find that there is an intimate relation between belief
functions and probabilistic measures. In fact, every belief function can be represented
by a convex set of probability functions defined on the frame of discernment ®
[Kyburg, 1987].

A convex set of probability functions is a set of functions, each of which is a
probability function (with the same domain), and that is closed: i.e., if P; is in the
set and P, is in the set, then any linear combination of P; and P, is in the set.
A linear combination of two functions with a common domain is a function whose
value for any object in the domain is that linear function of the values assigned by the
two initial functions. Thus, if P;(A) = p and P,(A) = ¢, then (aP; + (1 — a)P2)(A) =
ap + (1 —a)g.

Theorem 5.12. Let Bel be a belief function defined on a frame of discernment ©.
There exists a convex set of probability functions F P such that for every subset X of ©,
Bel(X) = min{P(X):P € FP}and PI(X) = max{l — P(—X):P € FP}.
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Proof: Let the belief function Bel have a finite or countable number of foci. Let
them be ordered Ay, A, .... Let the mass associated with A; be m(A;), and let the
rest of the mass be assigned to ®. The set of probability distributions {P:P is a
probability distribution A P(A;) > m(A;)} is obviously convex, and for every subset
X of ®, Bel(X) = min{P(X):P € FP} and PI(X) = max{l — P(—X):P € FP}.
Now suppose the theorem holds for & foci other than ®, and that the corresponding
set of convex probability distributions is P,. Consider the focus A, and the set
of probability distributions {P : P(Ax+1) = m(Ag+1)}. Let the intersection of this set
with F P be P. This set is convex, since the intersection of two convex sets is
convex. We show that Bel(X) = min{P(X):P € F P}. Consider a subset X of ®.
LetAj,..., Aj, bethefociamong Ay, ..., Ax4; included in X. For every P in F P,
we have P(A; U---UA; ) > Bel(X). Suppose inequality obtains. Then, since the
theorem holds for the first k foci, m (A1) must differ from min{P : P is a probability
distribution A P(Ag41) > m(Agy1)}. But that is impossible. |

Example 5.2. Suppose we attribute a measure of 0.3 to heads on a toss of an odd-looking
coin, and a measure of 0.3 to tails, with 0.4 being assigned to ©. This is equivalent to
believing that the probability of heads lies between 0.3 and 0.7. If we think, more realistically,
of the distribution of heads on two tosses of the coin, the simplest way to think of it, under
the ordinary assumptions, is as a binomial distribution with a parameter lying between 0.3
and 0.7. The bounds on this distribution can of course be given an interpretation in terms of
belief functions as well as in terms of sets of probabilities. Observe that general convexity
now fails: A 50-50 mixture of (0.09, 0.21, 0.21, 0.49) and (0.49, 0.21, 0.21, 0.09) is not a
binomial distribution.

Belief functions are less general than sets of probability functions. It is not the case
that every distribution in terms of sets of probability functions can be represented as a
belief function. Thus, we may want to model states of uncertainty that can be modeled
by sets of probability distributions, but that cannot be modeled by belief functions.

Example 5.3. Consider a compound experiment consisting of either (1) tossing a fair
coin twice, or (2) drawing a coin from a bag containing 40% two-headed and 60% two-
tailed coins, and tossing it twice. The two parts are performed in some unknown ratio p
so that, for example, the probability that the first toss lands heads is % p+0.4( — p). Let
A be the proposition that the first toss lands heads, and B the proposition that the second
toss lands tails. The sample space may be taken to be simply {TT, TH, HT, HH }, since p is
unknown. The probabilities are

TT: 1p+0.6(1—p)
TH: i
HT: %p
HH: 1p+0.401 - p)

And the set of probability distributions is
_ /1 1,1, 1 .
Sp={{3p+0.6(1 —p), 1p. 5p. ;P +0.4(1 —p)): p € [0,1]}

Let Po(-) =minpes, P(-). Then Py(A U B)=0.75 < 0.9 =P,(A) + P.(B) — P,(AN B) =
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0.4 4 0.5 — 0.0. But belief functions are superadditive: Bel(A U B) > Bel(A) + Bel(B) —
Bel(A N B) [Shafer, 1976, p. 321.3

5.4.3 Combining Evidence

Quite often we have more than one item of evidence relevant to a subset of a frame
of discernment. This may be a result of seeking and obtaining new evidence. One of
the chief novelties of Shafer’s approach to uncertainty lies in the way different items
of evidence can be combined or updated.

What Shafer calls Dempster’s rule of combination allows us to combine items
of evidence and obtain what is called their orthogonal sum: their combined effect.
This orthogonal sum is a new belief function based on the combined evidence as
represented by initial belief functions.

We denote the combining operation by @, so that the new mass function resulting
from the combination of m; and m; is m; @ m, and the new belief function resulting
from the combination of Bel; and Bel, is Bel; @ Bel,.

Here is the formal definition:

Definition 5.8. Suppose Bel, and Bel, are belief functions over the same frame ©, with
basic probability assignments m| and m,, and focal elements Ay, ..., Ay and By, ..., B,
respectively. The basic probability assignment of the combined belief function Bel; & Bel,
is defined to be

S o M1 (A (B)
1 - ZAIQBI.:() ml(Ai)mZ(Bj)
provided 1 — ZAmszoml(Ai)mZ(Bj) > 0.

m; @ my(X) =

Example 5.4. Suppose that the frame of discernment ® embodies various possible
causes of my car’s failure to start. I consult Expert,, and after absorbing a long discourse,
much of which I don’t understand, my epistemic state is reflected by the mass function m
with values

mi(battery) = 0.2
m(gasoline) = 0.3
m(starter) = 0.2
m(®) =0.3
From these values we can calculate Bel, and Pl values. For example, Bel|(battery) = 0.2
and Pl (battery) = 0.5.

Disturbed by the uncertainty remaining, I consult Expert,, who gives me another long
discourse. Relative to this discourse alone, [ would have an epistemic state reflected by the
mass function m, with values

my(battery) = 0.2
my(carburetor) = 0.4
my(starter) = 0.1

my(®) = 0.3
Again, we can calculate Bel, values: Bel(battery) = 0.2 and Pl,(battery) = 0.5.

3This example is taken from [Kyburg, 1987]. It was first suggested by Teddy Seidenfeld in correspondence.
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Table 5.3: Combined mass values

bat gas carb  starter ®

my | m; =02 0.3 0.0 0.2 0.3
bat 0.2 0.04 0.06 0.00 0.04 0.06
gas 0.0 0.00 0.00 0.00 0.00 0.00
starter 0.1 0.02 0.03 0.00 0.02 0.03
carb 0.4 0.08 0.12 0.00 0.08 0.12
(€] 0.3 0.06 0.09 0.00 0.06 0.09

Having consulted two experts,  want to combine the results of my consultations. For this
we employ Dempster’s rule of combination to obtain a new belief function, Bel; @ Bel,.

We form the combination by constructing a new core consisting of all the possible
intersections of the core of Bely and the core of Bely. This is represented in Table 5.3. Every
nonempty set in this new core is assigned a measure equal to the product of the measures
assigned to it by the original belief functions. Because there may also be some pairs of foci
whose intersection is empty, we must renormalize by dividing by one minus the sum of the
products of measures of pairs of foci whose intersection is empty.

Our experts are assuming, implausibly perhaps, that only one cause can be operating,
for example, that the intersection of bat and gas is empty. The mass assigned to empty sets
of this form is 0.06 + 0.04 4+ 0.02 4 0.03 4+ 0.08 + 0.12 + 0.08 = 0.43. To renormalize
(since a belief function can only assign 0 to the empty set), we divide each mass value by
1 —0.43 = 0.57. We get a combined mass function:

0.04 + 0.06 + 0.06
my @ my(battery) = 057 =0.28

0.09
m; @ my(gasoline) = 057 = 0.16

0.12
my @ my(carburetor) = 057 =0.21

0.02 + 0.06 +0.03
my @ my(starter) = + 057 + =0.19
0.09
®)=—— =0.16.
my @ my(O) 057

We may compute new values for belief and plausibility; for example, Bel, &
Bel,(battery) = 0.28 and Pl; @ Ply(battery) = 0.44; Bel; & Bel,(starter) = 0.19 and
Pl; & Pl,(starter) = 0.35.

It is worthwhile noting the similarity to Popper’s views of hypothesis testing: If
any piece of evidence assigns 0 mass to a hypothesis, then the only way in which
combined evidence can assign positive mass to that hypothesis is through combination
with ©. In the absence of generalized uncertainty—when the mass assigned to © is
0—a single piece of evidence that assigns mass 0 to a hypothesis assures that it will
always be assigned mass 0 when combined with any other evidence.

The combination of belief functions is commutative (it doesn’t matter in which
order you combine evidence) and associative (it doesn’t matter how you group
evidence).
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Theorem 5.13.

Bell D B612 = BC]2 (5] Bell
Bel; @ (Bel, @ Bels) = (Bel; @ Bel,) @ Bels.

5.4.4 Special Cases

Simple support functions constitute a subclass of belief functions. The most elemen-
tary type of support that evidence provides in a frame of discernment is support for
exactly one proposition A in © (subset of ®) other than @© itself. (Of course, the
evidence also supports any proposition that entails A.)

Definition 5.9. Bel is a simple support function focused on A if for some s the degree
of support for B C O is given by

(1) Bel(B)=0if B C A,
(2) Bel(B)=sifAC B C ©,
(3) Bel(B)=1if B = ©.

This is of interest because many collections of evidence can be construed as having
the effect of the combination of simple support functions.

Another form of support that is frequently encountered is statistical support. This
was given no name by Shafer (though he did discuss similar cases). Let us say that a
statistical support function is one that assigns a measure s to a proposition A and a
measure 1 — s to its complement.

Definition 5.10. Bel is a statistical support function focused on A if for some s the
degree of support for B C © is given by

(1) Bel(B)=sifAC Band B # ©,

(2) Bel(B)=1—sifAC—Band B # O,

(3) Bel(B)=1ifB = ®, and

(4) Bel(B) = 0 otherwise.

A special form of conditioning applies to belief functions in which the belief
function being conditioned upon assigns the measure 1 to a subset of ®. This is called
Dempster conditioning, and follows from Dempster’s rule of combination. Intuitively,
it corresponds to Bayesian conditioning, where the evidence we are conditioning on
is assigned probability 1.

Definition 5.11. If Bel,(X) = 1 for B € X and 0 otherwise, then

Bel,(A|B) = (Bel; @ Bel,)(A)
P1;(A|B) = (P1; © PL)(A).

The following theorem provides the calculations:

Theorem 5.14.
Bel;(A U —B) — Bel;(—=B)
1 — Bel;(—B)
PI(AN B)
PI(B)

Bel;(A|B) =

P1,(A|B) =
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Recall that one way to represent belief functions is as convex sets of probabilities.
We can also apply classical conditionalization to a convex set of probability functions
Sp to get a new convex set of probability functions Sp|, conditional on the evidence
e: Take Spi. tobe {P : @p)(p € Sp A ple) > 0 A (Vs)(P(s) = p(s A e)/p(e)))}.

Theorem 5.15. If Sp is a convex set of probability functions, so is Spi. = {P: (3Ap)(p €
Sp A p(e) > 0 A (Vs)(P(s) = p(s Ae)/p(e))).

Finally, we may ask how convex conditionalization compares to Dempster condi-
tioning. We have the following theorem:

Theorem 5.16. If Sp is a convex set of probabilities, then whenever p(A|B) is defined
for p € Sp, one has min c5, p(A|B) < Bel(A|B) < PI(A|B) < max,cs, p(A|B). Identities
hold only if certain subsets of © are assigned measure 0—i.e., are regarded as impossible.*

5.4.5 Assessment of Belief Functions

Dempster conditioning leads to stronger constraints than does probabilistic condition-
alization. This may seem like a good thing, if we view the greater precision as a matter
of squeezing a bit more information out of the available evidence. If we think of the un-
derlying probabilities as essentially subjective, this interpretation may be satisfactory.

On the other hand, if we think of probabilities as being tied to frequencies (we will
later argue for this position), then Dempster conditioning is definitely misleading.
You are led to believe that the conditional frequency is in the interval (p, ¢) when in
fact it is only constrained to lie in a much broader interval. The following example
illustrates this point.

Example 5.5. Lost and hungry in the woods, I come upon some berries. Are they good
to eat? I have two items of evidence: the berries are red, and I know that 60% of red berries
are good to eat. I also know that the berries are soft, and that 70% of soft berries are good
to eat. The frame of discernment ® has a distinguished subset, E representing edibility.
One piece of evidence is represented by a mass function m, that assigns mass 0.6 to E and
0.4 to —~E. The other piece of evidence mg assigns mass 0.7 to E and 0.3 to —E. Combined
according to Dempster’s rule, we obtain m, ® m(E) = 0.42/0.54 = 0.78.°

There are two noteworthy facts about this example. First, note that we get useful
results where mere statistics would give us nothing: It is compatible with our evidence
that 0% of soft and red berries are edible, and compatible with our evidence that 100%
of soft and red berries are edible. Second the combination of the two items of evidence
gives us, on this theory, more reason to believe that the berries are edible than either
item of evidence alone. This seems implausible, unless we somehow think of softness
and redness interacting causally to promote edibility. We shall argue later that if we
are going to go beyond what is entailed by the statistical knowledge we have, a
reasonable representation for edibility is the interval [0.6, 0.7].

The theory of belief functions also has some other counterintuitive consequences.
Suppose someone offered to bet 2000 dollars against my 100 dollars that a one will

4[Kyburg, 1987].
SDue to Jerry Feldman, in conversation.
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not show uppermost on the the next toss of a particular die. This seems like a good
deal, but it also seems like a lot of money. I would like to have more evidence about
the outcome, so that I will have a better idea as to how to allot my belief to the
proposition that the toss will yield a one. Well, one thing I might do is call up a
statistician. Let’s assume that the statistician gives me the response: “The chance of
a one is one-sixth.”

I use this information as the basis for my belief about the probability of heads. We
represent this as follows: Let D stand for the proposition that the die lands with a one
facing up, and let —D stand for the proposition that the die does not land with a one
facing up. Let © be the set of all relevant possibilities; we are concerned with two
proper subsets, D and —D. Thus, we have

mi(@) =0 Bel;(9) =0
m(D)= ¢ Beli(D) =
m(-D)=37  Beli(~D)= 2
m(®)=0 Bel1(®)=1.0

Because a hundred dollars is a lot of money, I decide to get a second opinion. I
call up another statistician to get an independent opinion. He also tells me that the
probability of getting a one is one-sixth. Using the same notation, we consider the
same set of possible worlds, and would represent our uncertainty by

ma (%) =0 Bel,(#)=0
may(D)= ¢ Bel,(D) =3¢
my(—=D)=%  Bel(~D)= g
my(©)=0 Bel,(®)=1.0

Because we also have evidence from the first statistician, we should combine these
two bodies of evidence. Each piece of evidence is represented by a set of mass and
belief functions. We can combine them, as before, by using Dempster’s rule of com-
bination. Writing m, , for m; @& m, and Bel, , for Bel; & Bel,, the new distribution is

my 2(#)=0 Bel; 2(#)=0

m (D)= 5 Bel; »(D) = 5
mia(~D)=3%  Belio(-D)=3

m;2(©)=0 Bel, »(®)=1.0.

This result seems counterintuitive. The evidence provided by either statistician
alone would lead to a belief in the occurrence of one of % and would make the
offer hard to refuse. In classical probabilistic terms, the expectation of the bet is
$2000 x § — $100 x 2 = $250. But both statisticians provide evidence against the
occurrence of a one, and, combined by Dempster’s rule, the combined evidence
makes the occurrence of a one so doubtful that it no longer seems advantageous to
take the bet. Something is surely wrong.

The answer, according to Dempster—Shafer theory, is that the two pieces of evi-
dence represented by m; and m, are not independent, even though there is no collu-
sion between the two statisticians. They both accept the same information—namely,
that the long run relative frequency of ones is about a sixth. But this is not the
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stochastic dependence with which we are familiar from probability theory. It is a
concept of evidential independence that, in our opinion, has not yet been clearly
explicated.

There is also the question of how the theory of belief functions is to be used in
making decisions. In the case of probability theory, however it is interpreted, the
answer is clear: if the relevant probabilities are known, we can construe the utility of
each act as a random quantity, and compute the expected utility of each act. We then
choose that act with the maximum expected utility. The answer is not so clear in the
case of the theory of belief functions, especially in those cases in which the beliefs
assigned to X and to =X do not add up to 1.0. The reduction of belief theory to a
theory of sets of convex probabilities does provide a tie: In the case in which an act
has higher expected utility than any other whatever probability function is used, that
act is clearly preferable.®

5.5 Sets of Probability Functions

Sets of probability functions, or imprecise probabilities,” as we have already noted in
connection with belief functions, provide another nonstandard interval-valued mea-
sure of evidential support. The idea of representing uncertainty by intervals is not
new. The earliest proposals were [Good, 1962], [Kyburg, 19611, [Smith, 1961]. For
Good, and perhaps for Smith, the underlying idea was that, although each individual
had implicit degrees of belief that satisfied the probability calculus, these degrees
of belief were hard to access. Thus, a reasonable and feasible approach to handling
uncertainty was to characterize an individual’s degrees of belief by the upper and
lower odds he would offer for a bet on a proposition. The idea in [Kyburg, 1961]
was that beliefs should be based on statistical knowledge, and that, since statistical
knowledge is always approximate, so should the normative constraints imposed on
belief also be approximate.

Levi [Levi, 1974] has proposed that epistemic probabilities be represented by
convex sets of classical probability functions. This proposal provides more structure
than is provided by intervals alone, but it is not entirely satisfactory. When we are
faced with a bent coin, we can be quite sure that the behavior of the coin is binomial,
though we can’t be sure what the parameter p of the binomial distribution is. But the
set of binomial distributions with p € [r{, ;] is not convex: the m